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1�Ù 2Ø¢êX

1.1 ¢êëY5��d£ã

SK1.1.1. �f(x)3Dþ½Â§¦yµ

(1) supx∈D{−f(x)} = − infx∈D f(x);

(2) infx∈D{−f(x)} = − supx∈D f(x).

y². ·�5y²(1)§(2)�y²´aq�. XJsupx∈D{−f(x)} = β§K

• −f(x) ≤ β§u´f(x) ≥ −β linfx∈D f(x) ≥ −β;

• éu?¿ε§�3x§¦�−f(x) ≥ β − ε§u´f(x) ≤ −β + ε§l·

�kinfx∈D f(x) ≤ −β + ε.

nþ¤ã§·��− infx∈D f(x) = β§=�¤¦.

SK1.1.2. �β = supE§�β /∈ E§ÁygE¥�À�ê�{xn} �xn pØ
�Ó§¦limn→∞ xn = β¶qeβ ∈ E§K�/XÛº

y². dβ = supE§�β /∈ E§·�k

(1) ∀x ∈ E§kx < β¶

(2) ∀ε > 0§∃xε ∈ E§¦xε > β − ε.

�ε1 = 1§K∃x1 ∈ E§¦β − 1 < x1 < β¶ε2 = min{ 1
2
, β − x1}§K

d(2)·��∃x2 ∈ E§¦β − ε2 < x2 < β; · · · Xde�§B���ê
�{xn}÷vxn ∈ E§β − 1

n
< xn < β, xn−1 < xn < β, n = 1, 2, · · · . l

limn→∞ xn = β.

XJβ ∈ E§Kþã(J�UØ¤á. ·�kXe�~fµXE1 =

[1, 2]§Kβ = supE = 2 ∈ E1. ·��xn = 2− 1
n
∈ [1, 2]§Kk�xnpØ�

Ó�limn→∞ xn = 2 = β. XE2=1,2§Kβ = supE = 2 ∈ E2§�·�éØ

�÷vþã�¦�S�{xn}.
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4 1�Ù 2Ø¢êX

SK1.1.3. ÁyÂñê�7kþ(.Úe(.§ªu+∞�ê�7ke(
.§ªu−∞�ê�7kþ(..

y². �ê�{xn}Âñ§K�Ùk.§d(.�3�n�§Tê�7kþ!
e(..

exn → ∞(n → +∞)§K∃N ∈ N§�n > N�§kxn > 1. -m =

min{x1, x2, · · · , xN , 1}§Kxn ≥ m é?¿n¤á§l{xn}ke.§�Ù
ke(.. aq�yªu−∞�ê�7kþ(..

SK1.1.4. Á©OÞÑ÷ve�^��ê�µ

(1) kþ(.Ãe(.�ê�¶

(2) ¹kþ(.Ø¹ke(.�ê�¶

(3) Q¹kþ(.q¹ke(.�ê�¶

(4) QØ¹kþ(.qØ¹ke(.�ê�§Ù¥þ!e(.Ñk�.

). (1) {xn} = {−n} : −1,−2,−3, · · · ,−n, · · · ;

(2) {xn} = { 1

n
} : 1,

1

2
,

1

3
, · · · , 1

n
, · · · ;

(3) {xn} : 0, 1,
1

2
,

1

3
, · · · , 1

n
, · · · ;

(4) 1, 2− 1,
1

2
, 2− 1

2
,

1

3
, 2− 1

3
, · · · , 1

n
, 2− 1

n
, · · · .

SK1.1.5. �f(x)3[a, b]þk.§½Âωf [a, b] = supx∈[a,b] f(x)−infx∈[a,b] f(x)§

¦yµ

ωf [a, b] = sup
x′∈[a,b],x′′∈[a,b]

|f(x′)− f(x′′)|.

y². Äk§·�k

inf
x∈[a,b]

f(x)− sup
x∈[a,b]

f(x) ≤ f(x′)− f(x′′) ≤ sup
x∈[a,b]

f(x)− inf
x∈[a,b]

f(x),

lk

|f(x′)− f(x′′)| ≤ sup
x∈[a,b]

f(x)− inf
x∈[a,b]

f(x) = ωf [a, b],

u´·�k

sup
x′∈[a,b],x′′∈[a,b]

|f(x′)− f(x′′)| ≤ ωf [a, b].
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�L5§PA = supx∈[a,b] f(x)§B = infx∈[a,b] f(x)§K∃x′, x′′÷vµ

f(x′) ≥ A− ε, f(x′′) ≤ B + ε,

l

A−B − 2ε ≤ f(x′)− f(x′′),

u´§·�k

A−B − 2ε ≤ sup
x′∈[a,b],x′′∈[a,b]

|f(x′)− f(x′′)|.

dε �?¿5§ksupx′∈[a,b],x′′∈[a,b] |f(x′)− f(x′′)| ≥ ωf [a, b].

nþ¤ã§·�kωf [a, b] = supx′∈[a,b],x′′∈[a,b] |f(x′)− f(x′′)|.

SK1.1.6. �f(x)3x0NC½Â�k.§½Â

ωf (x0) = lim
n→+∞

ωf (x0 −
1

n
, x0 +

1

n
),

¦yµf(x)3x0 ëY�¿©7�^��ωf (x0) = 0.

y². ky7�5. �f3:x0?ëY. é?��ε > 0§�n¿©��§�¦

��y ∈ O(x,
1

n
)�Bk

|f(y)− f(x)| < ε

2
.

¤±§�y1, y2 ∈ O(x0,
1

n
)�§

|f(y1)− f(y2)| ≤ |f(y1)− f(x)|+ |f(x)− f(y2)| < ε

2
+
ε

2
= ε.

ddá�ωf (x0 −
1

n
, x0 +

1

n
) ≤ ε. -n→ +∞§�Ñ0 ≤ ωf (x0) ≤ ε. dε�

?¿5§·�kωf (x0) = 0.

2y¿©5. �ωf (x0) = 0. u´é?¿ε > 0§�3n > 0§¦

�ωf (x0 −
1

n
, x0 +

1

n
) < ε. Ïd§éu?Ûy ∈ O(x0,

1

n
)§7k

|f(x0)− f(y)| ≤ ωf (x0 −
1

n
, x0 +

1

n
) < ε.

ùL²¼êf3:x0?ëY.

1.2 ¢ê4«m�;�5

SK1.2.1. |^;�5½ny²üNk.ê�7k4�.
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y². Ø��{xn}�üN4O�k.ê�§d;�5½n�Ù7k�Âñ
f�{xnk}§�Ù4��a§u´�3K > 0¦��k > K �§0 ≤ a−xnk ≤
ε. u´�n ≥ nk �§0 ≤ a− xnk ≤ a− xn ≤ ε. llimn→∞ xn = a.

SK1.2.2. ^«m@½ny²üNk.ê�7k4�.

y². Ø��{xn}�üN4O�k.ê�§K∃a1, b1 ¦�a1 ≤ xn ≤ b1,

n = 1, 2, · · · . ·�ò«m[a1, b1]��©. ea1+b1
2
´{xn}�þ.§Ké?

¿n§kxn ≤ a1+b1
2
§KPa2 = a1, b2 = a1+b1

2
¶eØ,§K�3��êN§

¦��n ≥ N �kxn > a1+b1
2
§KPa2 = a1+b1

2
, b2 = b1.

d·�cã��E§��[a2, b2]¥¹k{xn}1N����¤k�. �g

UY�e�§����4«m@{[an, bn]}§3z�«m[an, bn]¥¹k{xn}
�,���¤k��.

d4«m@½n§�3��¢êr ∈ ∩∞i=1[an, bn]§�limn→∞ an =

limn→∞ bn = r. ¤±∀ε > 0, ∃n0§¦�[an0
, bn0

] ⊂ (r−ε, r+ε). q[an0
, bn0

]�

¹{xn}�,�±��¤k��.u´∃N ∈ N+§�n > N�§xn ∈ [an0
, bn0

] ⊂
(r − ε, r + ε)§¤±limn→∞ xn = r.

SK1.2.3. ¦yê�{an}k.�¿�^�´§{an}�?Ûfê�{ank}Ñk
Âñ�fê�.

y². ¿©5. Ï{an}k.§�§�?¿f�{ank}�k.. �â;�5½n

�§{ank}7kÂñ�fê�.

7�5. ^�y{. e{an}Ã.§KÙ�3f�{xnk} : xnk → ∞(k →
∞). u´{xnk}vkÂñ�fê�. gñ.

SK1.2.4. �f(x) 3[a, b] þ½Â§�3z�:?¼ê�4��3§¦yµ

f(x) 3[a, b] þk..

y². éu∀x0 ∈ [a, b]§4�limx→x0
f(x)�3£ex0 = a½b§K�ÄÙm

4�Ú�4�¤§u´�3δ0 > 0§M0 > 0§∀x ∈ (x0 − δ0, x0 + δ0) ∩ [a, b]§

f(x)| ≤M0. �Em«mx

E = {(x− δx, x+ δx)|x ∈ [a, b]},

KE �[a, b] ���CX. dk�CX½n�§�±lE ¥ÀJk��m«

m§CX[a, b]§P�

(x1 − δ1, x1 + δ1), (x2 − δ2, x2 + δ2), · · · , (xk − δk, xk + δk).

q�x ∈ (xi− δi, xi + δi)∩ [a, b] �§k|f(x)| ≤Mi§i = 1, 2, · · · , k. �M =

max1≤i≤k |Mi|§Kx ∈ [a, b]§|f(x)| ≤M . �f(x) 3[a, b] k..
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SK1.2.5. �f(x)3[a, b]Ã.§¦y�3c ∈ [a, b]§é?�δ > 0§¼

êf(x)3(c− δ, c+ δ) ∩ [a, b]þÃ..

y². ^�y{. �¼êf(x)3[a, b]þ??ÛÜk.§=∀x ∈ [a, b]§∃δx >
0±9~êMx > 0§¦�|f(t)| ≤ Mxé?¿t ∈ O(x, δx) ∩ [a, b]. l

��
4«m[a, b]���mCXE = {O(x, δx)|x ∈ [a, b]}. dk�C
X½n§�3E�k�fCX§P�O1(x1, δ1), O2(x2, δ2), · · · , Ok(xk, δk).
�M = {Mx1

,Mx2
, · · · ,Mxk}. du[a, b] ⊂ ∪ki=1Oi(xi, δi)§�é?¿x ∈

[a, b]§k|f(x) < M§=f(x)3[a, b]þk.§gñ.

SK1.2.6. �f(x)3[0,∞)þëY�k.§é?¿a ∈ (−∞,+∞)§f(x) =

a 3[0,+∞) þ�kk���½Ã�§¦yµlimx→+∞ f(x) �3.

y². Ï�f(x) 3[0,∞) þk.§·���3m,M ¦�é?¿x ∈ [0,∞)§

km < f(x) < M . P[a1, b1] = [m,M ]. ò[m,M ] ��©§K�3X1 > 0§

�x > X1 �§f(x) 7�� u[m1,
m1+M1

2
] Ú[m1+M1

2
,M1] ��. ÄKdf

�ëY5Ú0�½n§f(x) = m1+M1

2
3[0,+∞) þkÃ��¢ê§gñ.

Pd«m�[m2,M2]. �ge�§��«m@{[mn,Mn]}§éÙ¥z��«
m[mn,Mn]§∃Xn > 0§�x > Xn§f(x) 7�� u[mn,Mn] S"d«m

@½n§∃ξ ∈ ∩∞n=1[mn,Mn]§�limn→∞mn = limn→∞Mn = ξ§∀ε > 0.

u´∃N ∈ N+§¦�|Mn − mn| < ε. l�x > Xn �§|f(x) − ξ| ≤
|Mn −mn| < ε§=limx→+∞ f(x) �3.

SK1.2.7. �m«mx{Iλ}´k�4«m[a, b]���mCX§K7�3σ >

0§¦���«mA ⊂ [a, b]�A��Ý|A| < σ�§7k{Iλ}¥���«m�
¹A. σ ¡�ù�mCX�Lebesgueê.

y². �y{. XJØ�3ù��σ > 0§K�3«mEi ⊂ [a, b]§�,

÷v|E| < 1
i
§�Ei ØU�{Iλ} ¥?�«m¤�¹. lz�Ei ¥�½�

:xi§��ê�{xi}§Ï�{xi} ⊂ [a, b]§�U�ÑÂñ�f�{xki}§§�
4�x E3[a, b] ¥§Ï�3m«mI ∈ {Iλ}§¦�x ∈ I§�kε > 0§¦

�(x− ε, x+ ε) ⊂ I. �i ¿©�§¦�i > 2
ε
§¿�xki ∈ (x− ε

2
, x+ ε

2
). u

´|Eki | < 1
ki
< 1

i
< ε

2
§é?�y ∈ Eki ·�k

|x− y| ≤ |x− xki |+ |xki − y| < ε
2

+ |Eki | < ε
2

+ ε
2

= ε,

lEki ⊂ (x− ε, x+ ε) ⊂ I§ù´gñ.

SK1.2.8. |^þãSKy²k�CX½n.
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1.3 ¢ê���5

1.3.1 Ô�·K��d5

½n1.3.1 ((.½n). 3¢êXR S§���kþ£e¤.�ê87kþ
£e¤(.�3.

½n1.3.2 (üNk.�n). üNþ,kþ.�¢ê�7k4��3.

½n1.3.3 (;�5½n). k.ê�7kÂñf�.

½n1.3.4 (�ÜÂñ�n). ¢êê�Âñ�¿©7�^�´Ù���Ä�

�.

5¿§T½n�7�5§dýé��n�Ø�ª�±��íÑ. �N¢

êëY5§�Ù¦½n�d�§�´d½n�¿©5µ¢êÄ��7k4

�.

½n1.3.5 (à:�n). ?Ûk.Ã¡8§��k��à:.

½n1.3.6 («m@½n). ?Û4«m@§7�3���ú�:.

½n1.3.7 (k�CX½n). ¢ê4«mþ�?�mCX§7kk�fCX.

c8�½náuÓ�a.§§�Ñ�Ñ§3,�^�e§Bk,

«“:”�3. k�CX½náu,�«a.§§´c8�½n�_Ä/

ª§§�c8�½n�pí�±|^�y{5�¤.

«m@½ní(.½n. �M �8ÜE �þ.. eE k���§KÙ=�E

�þ(.. y�E Ã���. ?��x0 ∈ E§ò[x0,M ] ��©§em�«

m¹kE ¥�:§KPm�«m�[a1, b1]§ÄKP��«m�[a1, b1]. ,�

ò[a1, b1] 2��©§^Ó���{À[a2, b2]§XdÃ�e�§·�B��


��«m@{[an, bn]}§an ↗§bn ↘§bn−an = 1
2n

(M −x0)→ 0£�n→
∞�¤.d«m@½n§���3��ú�:ξ ∈ [an, bn](n = 1, 2, . . .). ØJ

y²ξ �´E �þ(..

«m@½níüNk.�n. Ø��{xn}�üN4O�k.ê�§K∃a1, b1

¦�a1 ≤ xn ≤ b1, n = 1, 2, · · · . ·�ò«m[a1, b1]��©. ea1+b1
2
´{xn}�

þ.§Ké?¿n§kxn ≤ a1+b1
2
§KPa2 = a1, b2 = a1+b1

2
¶eØ,§K�

3��êN§¦��n ≥ N �kxn > a1+b1
2
§KPa2 = a1+b1

2
, b2 = b1.

d·�cã��E§��[a2, b2]¥¹k{xn}1N����¤k�. �g

UY�e�§����4«m@{[an, bn]}§3z�«m[an, bn]¥¹k{xn}
�,���¤k��.
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d«m@½n§�3��¢êr ∈ ∩∞i=1[an, bn]§÷vlimn→∞ an =

limn→∞ bn = r. ¤±∀ε > 0, ∃n0§¦�[an0
, bn0

] ⊂ (r−ε, r+ε). q[an0
, bn0

]�

¹{xn}�,�±��¤k��.u´∃N ∈ N+§�n > N�§xn ∈ [an0
, bn0

] ⊂
(r − ε, r + ε)§¤±limn→∞ xn = r.

«m@½ní�ÜÂñ�n�¿©5. Äk5¿�Ä��7k.m ≤ xn ≤
M(n = 1, 2, . . .). ,�é[m,M ] ���©§À¹{xn} ¥Ã¡õ��@�“�

«m”��[a1, b1]. Xd¿©e�§·��±��4«m@[an, bn]§d4«

m@½n�Ùk���ú�:ξ. ØJy²limn→∞ xn = ξ.

«m@½ní;�5½n. �{Óþ§ù�ξ�?����¹{xn}¥�Ã¡
õ�§Ï��{xn}��k��fS�±ξ�4�.

«m@½níà:½n. 3�g�.

(.½ní«m@½n. �{[an, bn]} �«m@£=an ↗, bn ↘, 0 ≤ bn −
an → 0¤. -E = {an}§Ï§kþ.b1§�d(.½n�Ùkþ(.ξ. a
q/§·�kbn ke(.η. d0 ≤ bn − an → 0 ��ξ = η. ØJwÑù

´[an, bn]���ú�:.

üNk.�ní«m@½n. du{an} üNk.§�4��3§P�ξ. Ø
J�yξ ´[an, bn]���ú�:.

�ÜÂñ�n�¿©5í«m@½n. �±y²{an} ´��Ä��§�4
��3§P�ξ. ØJ�yξ ´[an, bn]���ú�:.

;�5½ní«m@½n. du{an}k.§��3Âñf�§Ù4�P�ξ.
ØJ�yξ ´[an, bn]���ú�:.

à:½ní«m@½n. du{an} ∪ {bn} k.§��3à:§P�ξ. ØJ
�yξ ´[an, bn]���ú�:.

(.½níüNk.�n. �xn ↗ kþ.M§�8ÜE = {xn}§KE �
�§ld(.�nÙkþ(.

ξ = supxn ∈ R.

ØJy²xn → ξ(n→∞�).

Ù§�'u(.½n§üNk.�n§�ÜÂñ�n�¿©5§;�

5½n§à:�nùA��m�píÑ�±|^�©{§äN3�g�.
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k�CX½ní(.½n. �∅ 6= E ⊂ R§é∀x ∈ E kx ≤ M . ?��

:x0 ∈ E§�Ä4«m[x0,M ]§beE Ãþ(.§@oé?¿x ∈ [x0,M) :

1. �x�E �þ.�§7k���þ.x1 < x§Ïxk��m��∆x§

Ù¥����E �þ.¶

2. �xØ´E �þ.�§7kE ¥�:x2 > x§u´xk��m��∆x§

Ù¥���Ø�E �þ..

[x0,M ] þz:Ñ�±éÑ����∆x§§�oz�:Ñ´þ.§�oz�

:�Ø´þ.. ù
���¤4«m[x0,M ] ���mCX§dk�CX½

n§7�3k�fCX{∆1. · · · ,∆n}. 5¿§M ¤3�m«m§ATz�

:Ñ´þ.§�Ù����m«mdu�¹���þ.�:§ÏÙ¥�

:þ�E �þ.. ²Lk�g��§��x0 ¤3�m«m¥�:��þ.§

lgñ.

·�25wwXÛ^k�CX½n5íÙ§A�½n. éu(.½n§

üNk.�n§�ÜÂñ�n�¿©5§z�:x �±é�m��∆x§¦

�∆x ¥Ø¥%:�U�{xn} ¥���Ó�	§Ù{�{xn} Ø��¶éu
à:�n§z�:x �±é�m��∆x§Ø¥%:�Uáu�8Ü	§2

ÃE ¥�:¶éu«m@½n§z:x �±é�m��∆x§¦���k,

��[an0
, bn0

] �∆x Ø��§ln > n0 �§[an, bn] �Ø�∆x ��. ,�

|^k�CX½néÑgñ.

«m@½ník�CX½n. b�,�«m[a, b] �,�mCX{∆} Ãk�
fCX§ò[a, b] ü�©§K��k��“�«m”§§ØU^{∆} �k�
f8�CX4§òd�«mP�[a1, b1] £XJü��«mÑXd§�?

ÀÙ¥���¤. ,�2ò[a1, b1] 2��©§EþãÚ½§Ã�?1e

�§B���4«m@{[an, bn]} : an ↗, bn ↘, bn − an = 1
2n

(b − a) → 0.

£�n→∞ �§z�[an, bn] �ØU^{∆} �k��CX.

|^4«m@½n§���3�:ξ§�[an, bn] ���ú�:. Kξ :

?�)gñ§Ï�ξ ∈ [a, b]§¤±�3�m«m∆1 = (α, β) ∈ {∆}§¦
�α < ξ < β§�dulimn→∞ an = limn→∞ bn = ξ§¤±n ¿©��k

α < an ≤ ξ ≤ bn < β,

ùL²[an, bn] ®�∆1 = (α, β) ∈ {∆} ¤CX§�[an, bn] ��5gñ.

Ón�±|^Ù§½ny²§¤ØÓ�?©O�´ξ �an �þ(.§

4�§{an} ,fS��4�§{an} ∪ {bn}�à:.
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1.3.2 Äu�da�¢ênØ

½Â1.3.8. �{xn}§{yn} �ü�knêÄ��§XJé?¿n ∈ N§�
3m ∈ N ¦�é?¿k ≥ m§|xk − yk| < 1/n§K¡ùü�knê�´�d

�§P�{xn} ∼ {yn}.

Ún1.3.9. þã½Â�knêÄ���d÷v��5§é¡5ÚD45§

l´knêÄ��8Üþ��d'X.

y². ��5Úé¡5´'�²w�. ·��Iy²D45. �{xn}§{yn}
�{zn} �knêÄ���{xn} �{yn} �d§�Iyµé?¿�ε > 0§�

3�6uε ���êm ¦�é?¿k ≥ m§|xk− zk| ≤ ε. db��ü��d
'X�µéuε§�3m1 ¦�é?¿k ≥ m1§|xk − yk| ≤ ε/2¶�3m2 ¦

�é?¿k ≥ m2§|yk − zk| ≤ ε/2. �m = max(m1,m2)§|^n�Ø�ª§

é?¿k ≥ m§Ñk

|xk − zk| ≤ |(xk − yk) + (yk − zk)| ≤ |xk − yk|+ |yk − zk| ≤ ε/2 + ε/2 = ε.

l�y.

½Â1.3.10. �R ´knêÄ��8ÜR 3þã�d'X�e��N�d
a�¤�8Ü. ·�¡R �¢êX§§���–knêÄ��{xn}��da§
¡�¢ê. ê�{xn} ¡�¢êx ��L�§P�x ∼ {xn}. ·��¡�d
ax ¥�?¿Ä��Âñux ½±x �4�.

1.3.3 SK

SK1.3.11. �f(x) 3(a, b) ëY§¦yf(x) 3(a, b) ��ëY�¿�^�

´limx→a+ f(x) �limx→b− f(x) Ñ�3.

y². 7�5. �f(x) 3(a, b) ��ëY§K∀ε > 0§∃δ > 0§∀x1, x2 ∈
(a, b)§�|x1 − x2| < δ �§k|f(x1) − f(x2)| < ε. ex1§x2 ∈ (a, b) �0 <

x1 − a < δ
2
§0 < x2 − a < δ

2
§K|x1 − x2| ≤ |x1 − a|+ |x2 − a| < δ§u´§

k|f(x1) − f(x2)| < ε. dëYCþ��ÜÂñ�n�§limx→a+ f(x) �3.

Ón�ylimx→b− f(x) �3.

¿©5. ½Â¼ê

F (x) =


f(a+ 0), x = a,

f(x), x ∈ (a, b),

f(b− 0), x = b.

(1.1)
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KF 3[a, b] þëY§u´Ù3[a, b] þ��ëY§lÙ�3(a, b) þ��

ëY. q�x ∈ (a, b) �§F (x) = f(x)§�f(x) 3(a, b) þ��ëY.

SK1.3.12. |^�ÜÂñ�n?Øe�ê��Âñ5

1. xn = a0 + a1q + a2q
2 + . . .+ anq

n(|q| < 1, |ak| ≤M);

y². ∀ε > 0, ∀p ∈ N+§�N = max{ ln[ε·(1−|q|)]−lnM
ln |q| , 1}§K∀n > N§∀p >

0§k

|xn+p − xn| = |an+1q
n+1 + · · ·+ an+pq

n+p|
≤ |an+1| · |qn+1|+ · · ·+ |an+p| · |qn+p|
≤M · |q|n+1(1 + |q|2 + · · ·+ |q|p−1)

< M |q|n+1

1−|q| < ε

u´{xn} Âñ.

SK1.3.13. y²e�4�Ø�3µ

1. xn =
n
√

1 + 2n(−1)n .

y². �ε0 < 2−
√

2§∀N ∈ N+§�p = 1§n = 2N − 1§K

|xn+p − xn| = |(1 + 22N )
1

2N + (1 + 1
22N−1 )

1
2N−1 |

≥ 2− 2N−1
√

2

≥ 2−
√

2 > ε0.

�{xn} 4�Ø�3.

SK1.3.14. �f(x)3(a,∞)þ��§|f ′(x)|üNeü§�limx→∞ f(x)�

3§¦ylimx→∞ xf
′(x) = 0.

y². é?¿ε > 0§�3X > max{0, a}§¦�é?¿x ∈ X§k|f(2x) −
f(x)| < ε. é?¿x > X§d¥�½n�§�3ξ ∈ (x, 2x)§÷vf(2x) −
f(x) = f ′(ξ)(2x− x) = xf ′(ξ). lk

|2xf ′(2x)| = 2|xf ′(2x)| ≤ 2|xf ′(ξ)| < 2ε.

u´limx→∞ xf
′(x) = 0.

SK1.3.15. �f(x) 3(a,+∞) þ��§�|f ′(x)| ≤ k < 1§?�x0§-

xn+1 = f(xn) (n = 0, 1, 2, · · · ),

¦yµ

1. limn→∞ xn �3¶
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2. þã4��x = f(x) ��§�´���.

y². (1) éu?¿x, y ∈ (−∞,+∞)§�3ξ 0ux Úy �m§¦�|f(x)−
f(y)| = |f ′(ξ)(x− y)| ≤ k|x− y|. u´

|xn+1 − xn| = |f(xn)− f(xn−1)| ≤ k|xn − xn−1| ≤ · · · ≤ kn|x1 − x0|.

u´∀p > 0§

|xn+p − xn| ≤ |xn+p − xn+p−1|+ |xn+p−1 − xn+p−2|+ · · ·+ |xn+1 − xn|
≤ |x1 − x0|(kn+p−1 + kn+p−2 + · · ·+ kn) ≤ kn

1−k |x1 − x0| → 0(n→∞),

d�ÜÂñ�n�r = limn→∞ xn �3.

(2) dr = limn→∞ xn �f(r) = r. ef(x) = x �f(y) = y K|x − y| =

|f(x)− f(y)| ≤ k|x− y| lx = y§u´�)´���.

SK1.3.16. �äXe·K�ý�µê�{an} �34�lim an = a �¿©

7�^�´µé?�g,êp§Ñklimn→∞ |an+p − an| = 0.

). an =
√
n. ¯KÑ3
d�é�½p§�,kéu?¿ε > 0 �3N§

�n > N �k|xn+p− xn| < ε. ¤á§�d��N ��6up �§¿Ø�3

X�����N .

1.4 2Ø4«mþ�ëY¼ê�5�

SK1.4.1. �f(x) 3[a, b] ëY§¿����:x0 ´���. q�xn ∈
[a, b]§¦limn→∞ f(xn) = f(x0)§¦ylimn→∞ xn = x0.

y². �y{§XJlimn→∞ xn 6= x0§K�3ε0 > 0§¦�é?¿N ∈ N§
�3n > N§¦�|xn − x0| ≥ ε0. ù`²3(x0 − ε0, x0 + ε0) �	kÃ

¡õ�xn. du§�´k.�§�d;�5½n��3{xn} �Âñf
�{xnk}§�xnk → r ∈ [a, b](k → ∞)§ù�r 6= x0. qf(x) 3r :ëY§

�limk→∞ f(xnk) = f(r). dulimn→∞ f(xn) = f(x0)§�limk→∞ f(xnk) =

f(x0). �â4����5§f(r) = f(x0). qÏ�x0 ´������:§

r 6= x0§¤±f(r) < f(x0)§gñ.

SK1.4.2. �f(x) 3[a, b]þëY§��¶q�

1. mina≤x≤b f(x) < p < maxa≤x≤b f(x);

2. XJf(x) = p§Kkf ′(x) 6= 0.

¦yf(x) = p���kk�õ�.
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y². ^�y{. ef(x) = p��kÃ¡õ�§d§�3«m[a, b]S§�

k.§l�3Âñ�{xn} : xn → x0 ∈ [a, b]§�f(xn) = p. qdf�ëY

5§kf(x0) = limn→∞ f(xn) = p. u´

f ′(x0) = lim
x→x0

f(x)− f(x0)

x− x0

= 0,

gñ. ¤±f(x) = p���kk�õ�.

SK1.4.3. �f(x) 3[a, b] ëY§f(a) < 0§f(b) > 0§¦y�3ξ ∈ (a, b)§

¦f(ξ) = 0§�f(x) > 0(ξ < x ≤ b).

y². ½Â

E = {c|c < b, x ∈ [c, b], f(x) > 0}.

df(x) �ëY59f(a) < 0§f(b) > 0 �E ���∀c ∈ E§a < c§=E k

e.. d(.½n�§E ke(.. �ξ = inf E. e¡y²f(ξ) = 0. eØ

,§Kf(ξ) > 0 ½f(ξ) < 0. Ø��f(ξ) > 0§df �ëY5�§ξ+ δ0 ∈ E.

Ïd�x ∈ [ξ−δ0, ξ+δ0]∪[ξ+δ0, b] = [ξ−δ0, b]�§kf(x) > 0. �ξ−δ0 ∈ E§
ù�ξ = inf E gñ. é?¿x0 ∈ (ξ, b]§�c ¦ξ < c < x0§Kc ∈ E. l

∀x ∈ [c, b]§f(x) > 0§�,f(x0) > 0. dx0 �?¿5�§∀x ∈ (ξ, b]§

f(x) > 0.

SK1.4.4. �f(x) 3(a, b) ��ëY§a, b 6=∞§y²f(x) 3(a, b) þk..

y². duf(x) 3(a, b) ��ëY§dSK1.3.11�§f(a + 0)§f(b − 0)þ

�3§½Â

F (x) =


f(a+ 0), x = a,

f(x), x ∈ (a, b),

f(b− 0), x = b.

(1.2)

KF (x) 3[a, b] ëY§dk.5½n§�f(x) 3[a, b] þk.§lf(x)

3(a, b) þk..

SK1.4.5. �f(x) 3(−∞,∞) ëY§�limx→−∞ f(x) �limx→+∞ f(x) �

3§y²f(x) 3(−∞,∞) ��ëY.

y². �limx→−∞ f(x) = A, limx→+∞ f(x) = B. K∀ε > 0, ∃X1 > 0§

�x < −X1�§k|f(x)−A| < ε
2
¶∃X2 > 0§�x > X2�§k|f(x)−B| < ε

2
.

d��ëY½n§f(x) 3[−X1 − 1, X2 + 1] þ��ëY§�∃δ1 > 0§

∀x′, x′′ ∈ [−X1 − 1, X2 + 1]§�|x′ − x′′| < δ1 �§k|f(x′) − f(x′′)| < ε.

Ïd∀ > 0§�δ = min{δ1, 1}§K�x′, x′′ ∈ (−∞,+∞) �|x′ − x′′| < δ

�§7kx′, x′′ Óáu[−X1 − 1, X2 + 1]§½Óáu(−∞,−X1)§½Óá
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u(X2,+∞). ex′, x′′ ∈ [−X1−1, X2+1]§K|f(x′)−f(x′′)| < ε¶ex′, x′′ <

−X1§Kk

|f(x′)− f(x′′)| ≤ |f(x′)−A|+ |f(x′′)−A| < ε
2

+ ε
2

= ε;

ex′, x′′ > X2§KÓ�k|f(x′)− f(x′′)| < ε. �ok|f(x′)− f(x′′)| < ε. l

f(x) 3(−∞,∞) ��ëY.

SK1.4.6. �¼êf(x)3(a,+∞)þ��§�klimx→+∞ f
′(x) = +∞§¦

yf(x)3(a,+∞)þØ��ëY.

y². �ε0 = 1§∀δ > 0§dulimx→∞ f
′(x) = +∞§K∃X > max{a, 0}§

�x > X �§kf ′(x) > 2
δ
. y�x′ = X + δ§x′′ = X + δ

2
§K|x′ − x′′| =

δ
2
< δ. d.�KF¥�½n�§|f(x′)− f(x′′)| = |f ′(ξ)(x′ − x′′)| > 2

δ
· δ

2
=

1 = ε0§Ù¥x
′′ < ξ < x′. �f(x)3(a,+∞)þØ��ëY.

SK1.4.7. ¦yf(x) = x lnx3(0,+∞)þØ��ëY.

y². dulimx→+∞ f
′(x) = limx→+∞(lnx+ 1) = +∞§KduþK�(Ø

�f(x) = x lnx3(0,+∞)þØ��ëY.

1.5 �È5

SK1.5.1. ?Øf(x)§f2(x)§|f(x)|nöm�È5�'X.

y². • ef(x)�È§Kf2(x)§|f(x)|�È.

• ef2(x)�È½|f(x)|�È§�f(x)Ø�½�È.

• f2(x)�È�du|f(x)|�È.

SK1.5.2. �f(x) ≥ 0§f ′′(x) ≤ 0§é?¿x ∈ [a, b] ¤á§¦yµ

f(x) ≤ 2

b− a

∫ b

a

f(x)dx.

y². éuy ∈ [a, x]§df ′′(y) ≤ 0§·�k

f(y) ≥ y − a
x− a

f(a) +
x− y
x− a

f(x) ≥ x− y
x− a

f(x). (Ï�f(a) ≥ 0)

ü>'uy la �x È©§·�k∫ x

a

f(y)dy ≥
∫ x

a

x− y
x− a

dy · f(x) =
1

2
(x− a)f(x).
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aq�§·�k ∫ x

b

f(y)dy ≥ 1

2
(b− x)f(x).

üª�\·�Ò�±��¤I��(J.

SK1.5.3. �f(x) 3[a, b] këY��¼ê§¦yµ

max
a≤x≤b

|f(x)| ≤ | 1

b− a

∫ b

a

f(x)dx|+
∫ b

a

|f ′(x)|dx.

y². Ïf(x) 3[a, b] ëY§dÈ©¥�½n�§∃ξ ∈ [a, b]§¦∫ b

a

f(x)dx = f(ξ)(b− a).

éþãξ§∀x ∈ [a, b]§

f(x) = f(ξ) +

∫ x

ξ

f ′(t)dt =
1

b− a

∫ b

a

f(x)dx+

∫ x

ξ

f ′(t)dt.

u´

|f(x)| = | 1
b−a

∫ b
a
f(x)dx+

∫ x
ξ
f ′(t)dt|

≤ | 1
b−a

∫ b
a
f(x)dx|+ |

∫ x
ξ
f ′(t)dt|

≤ | 1
b−a

∫ b
a
f(x)dx|+

∫ b
a
|f ′(x)|dx.

l�y.

SK1.5.4. e¼êf(x) 3[A,B] þ�È§y²µ

lim
h→0

∫ b

a

|f(x+ h)− f(x)|dx = 0,

Ù¥A < a < b < B.

y². Ïf(x)3[A,B]�È§�é?¿ε > 0§�3N ∈ N+§¦�éu?

¿n > N§±9é[A,B]�n�©y∆: xi = A+ i
n

(B−A)§i = 0, 1, 2, . . . , n§

k
∑n

i=1 ωi∆xi <
ε
4
§Ù¥ωi´f(x)31i��«m��Ì. �δ = min{a −

A,B − b, B−A
n
}§K�0 < h < δ �§kµ∫ b

a
|f(x+ h)− f(x)|dx ≤

∑n
i=1

∫ xi
xi−1
|f(x+ h)− f(x)|dx

≤
∑n

i=1

∫ xi
xi−1

[|f(x+ h)− f(xi)|+ |f(xi)− f(x)|]dx
≤

∑n
i=1

∫ xi
xi−1

(ωi+1 + ωi)dx =
∑n

i=1(ωi+1 + ωi)∆xi < ε.

dd�§�h→ 0+�(Ø¤á§Ón�yh→ 0−�(Ø�¤á.

SK1.5.5. ef(x)3[a, b]þ�È§f(x) > 0§Áyµ∫ b

a

f(x)dx > 0.
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y². 5¿�f(x) > 0§k
∑n

i=1 f(ξi)∆xi > 0§Ïd�È5�∫ b

a

f(x)dx = lim
λ→0

n∑
i=1

f(ξi)∆xi ≥ 0.

·�^�y{§y²ùp��ÒØ�Uu). �
∫ b
a
f(x)dx = 0§Ké

uf(x)�DarbouxþÚk

lim
λ→0

n∑
i=1

M1∆xi = 0.

lé?¿ε1 > 0§�3©yT§¦�
∑n

i=1Mi∆i < ε1(b − a). dd��

3��Mi < ε1§Ï�eØ,§z�Mi ≥ ε1§K
∑n

i=1Mi∆i ≥ ε1
∑

∆ xi =

ε1(b− a)§gñ.

òMi < ε1�ù��«mP�[a1, b1]. u´f(x)3[a1, b1]þ�È§r[a1, b1]�

�þ¡�[a, b]§Eþãín§���[a2, b2] ⊂ [a1, b1]§¦�

sup
a2≤x≤b2

f(x) ≤ ε2 = ε1/2.

XdÃ�?1e�§�±���G«m

[a, b] ⊇ [a1, b1] ⊇ · · · ⊇ [an, bn] ⊇ · · ·

¦z�[an, bn]þ§ksup f(x) ≤ εn (n = 1, 2, · · · )§d«m@½n§�3ξ ∈
[an, bn] (n = 1, 2, · · · )§l0 ≤ f(ξ) < εn (n = 1, 2, · · · ). duεn → 0§�

�f(ξ) = 0. �®�^�f(x) > 0gñ.
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1�Ù ê�?ê

2.1 ê�?ê�Âñ59ÙÄ�5�

SK2.1.1. ¦e�?ê�Úµ

(1)
∑∞

n=1
1

(5n−4)(5n+1)
;

(2)
∑∞

n=1
1

4n2−1
;

(3)
∑∞

n=1
(−1)n−1

2n−1 ;

(4)
∑∞

n=1
2n−1

2n
;

(5)
∑∞

n=1 r
n cosnx(|r| < 1).

). (1) 1/5;

(2) 1/2;

(3) 2/3;

(4) 3;

(5) PSn =
∑n

k=1 r
k cos kx§Kk2r cosxSn =

∑n
k=1 2rk+1 cosx cos kx. ·

�k

2r cosxSn =
∑n

k=1 r
k+1[cos(k + 1)x+ cos(k − 1)x]

= [rn+1 cos(n+ 1)x+ Sn − r cosx] + [r2 + r2Sn − rn+2 cosnx],

�Sn = rn+2 cosnx−rn+1 cos(n+1)x+r cos x−r2
1+r2−2r cos x

§u´Sn → r cos x−r2
1+r2−2r cos x

(n→
∞). u´?ê�Ú� r cos x−r2

1+r2−2r cos x
.

SK2.1.2. ?Øe�?ê�ñÑ5µ

(1)
∑∞

n=1
n

2n−1
;

19
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(2)
∑∞

s=1
1

2n
+ 1

3n
;

(3)
∑∞

s=1 cos π
2n+1

;

(4)
∑∞

s=1
1

(3n−2)(3n+1)
;

(5)
∑∞

s=1
1√

n(n+1)(
√
n+
√
n+1)

.

). (1) uÑ;

(2) Âñ;

(3) uÑ;

(4) Âñ¶

(5) Âñ.

SK2.1.3. �?ê
∑∞

n=1 un��Ñ´��§r?ê��²L|Ü��#

?ê
∑∞

n=1 Un§=

Un+1 = ukn+1 + ukn+2 + · · ·+ ukn+1
, n = 0, 1, 2, · · · ,

Ù¥k0 = 0, k0 < k1 < · · · < kn < · · · . e
∑∞

n=1 Un Âñ§y²�5�?ê

�Âñ.

y². du
∑∞

n=1 Âñ§PÙÚ�S. �Sn =
∑n

k=1 uk§�∀n ∈ N+§∃n0 ∈
N+§¦�Sn =

∑n
k=1 uk ≤

∑n0

i=1 Ui < S. w,Sn < Sn+1 £Ï�?ê��

Ñ´��¤§u´{Sn} üNþ,�kþ.§Ïdlimn→∞ Sn �3§=�?

êÂñ.

SK2.1.4. �an > 0§sn = a1+a2+· · ·+an§�
∑
anuÑ.y²

∑ an
1 + an

u

Ñ.

y². Pbn =
an

1 + an
§Kan =

bn
1− bn

. XJ
∑
bn =

∑ an
1 + an

Âñ§K∃N ∈

N§�n ≥ N�§k0 < bn ≤
1

2
§Kan < 2bn§l

∑
anÂñ§gñ.

2.2 ��?ê

SK2.2.1. e��?ê
∑∞

n=1 anÂñ§y²µlimn→∞
a1+2a2+···+nan

n
= 0.
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y². PS =
∑∞

n=1 an, Sn =
∑n

k=1 ak§KSn → S£�n→∞�¤. 5¿�

·�k
n∑
k=1

kak = nSn −
n−1∑
k=1

Sk,

l·�k

lim
n→∞

∑n
k=1 kak
n

= lim
n→∞

(Sn −
S1 + S2 + · · ·+ Sn−1

n
) = S − S = 0.

l�y.

5¿d�·�ØUd��?ê
∑∞

n=1 anÂñíÑlimn→∞ nan = 0. äN

~f�ë�~2.2.5.

SK2.2.2. �an ≥ 0§�limn→∞
an+1

an
= l. ¦ylimn→∞ n

√
an = l. ��´

Ä¤áº

y². ��Ø¤á. ~X§éu?ê
∑∞

n=1
3+(−1)n

2n+1 §klimn→∞ n
√
an = 1/2.

�´4�limn→∞
an+1

an
Ø�3.

SK2.2.3. e��?ê
∑∞

n=1
1
an
Âñ§y²

∑∞
n=1

n
a1+a2+···+an�Âñ.

y². d^����ê�{an}��Ã¡�þ§e¡·�©üÚ5?n.

1. eê�{an} üNO\§Kk

a1 + · · ·+ a2n−1 ≥ an + · · ·+ a2n−1 ≥ nan,

ÏdkØ�ªµ

2n− 1

a1 + · · ·+ a2n−1

+
2n

a1 + · · ·+ a2n

≤ 2n− 1

nan
+

2n

an
<

4

an
,

l?ê
∑∞

n=1
n

a1+a2+···+an�Ü©Úê�kþ.§ÏdÂñ. Ó�·

����
∞∑
n=1

n

a1 + a2 + · · ·+ an
≤ 4

∞∑
n=1

1

an
.

2. éu���¹§òê�{an}Uìl���ü§¿òü��ê�P
�{bn}. �âÂñ���?ê3ü�EÂñ§Ïd?ê

∑∞
n=1

1
bn
Â

ñ. dc¡?Ø·���?ê
∑∞

n=1
n

b1+b2+···+=bn
Âñ. Ó�N´wÑ

éuz�n¤áØ�ª

b1 + b2 + · · ·+ bn ≤ a1 + a2 + · · ·+ an,
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Ïdk

∞∑
n=1

n

a1 + a2 + · · ·+ an
≤
∞∑
n=1

n

b1 + b2 + · · ·+ = bn
,

u´d'��O{Ò��?ê
∑∞

n=1
n

a1+a2+···+anÂñ.

nþ�y.

~2.2.4. ?���Âñ���?ê
∑∞

n=1 an§�±�E��Âñu"��

ê�{cn}§¦
∑∞

n=1
an
cn
E,Âñ.

-rn =
∑∞

k=n+1 ak§cn =
√
rn−1 +

√
rn§Ï

∑∞
n=1 an Âñ§¤±·�

klimn→∞ cn = 0. yy?ê
∑∞

n=1
an
cn
Âñ. �d§-

sn =
n∑
k=1

ak
ck

=
n∑
k=1

rk−1−rk√
rk−1+

√
rk

=
n∑
k=1

(
√
rk−1 −

√
rk),

K�n > m �§

|sn − sm| =
n∑

k=m+1

(
√
rk−1 −

√
rk) =

√
rm −

√
rn → 0 (m,n→∞).

d�ÜÂñ�n§�?ê
∑∞

n=1
an
cn
Âñ.

~2.2.5. Á�Ñ���?ê
∑∞

n=1 an§¦�

•
∑∞

n=1 an Âñ¶

• an 6= o( 1
n

).

���?ê
∑∞

n=1 an÷v�n =�ê²�ê�kan = 1
n
§ÄKan = 1

n2 . w

,an 6= o( 1
n

). qÏ�é?¿∀n ∈ N§Ü©Ú

Sn ≤ 2
n∑
k=1

1

k2
≤ 2

∞∑
k=1

1

k2
< +∞.

�d?êÂñ.

2.3 ���?ê

SK2.3.1. ?Øe�?ê�Âñ5µ

1.
∑∞

n=2
(−1)n√
n+(−1)n

;

2.
∑∞

n=1 sin(π
√
n2 + 1)
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y². 1. Pcn = (−1)n√
n+(−1)n

§Kk

cn =
(−1)n√

n
− (−1)n√

n+ (−1)n
=

1√
n(
√
n+ (−1)n)

∼ 1

n
,

?ê
∑∞

n=2
(−1)n√

n
Âñ§l�?ê

∑∞
n=2

(−1)n√
n+(−1)n

uÑ.

2. lL¡þ5w§�KQØ´��?ê§qØU¦^)|�X½C��

�O{. ���C/§Ò�§´���?ê§¢Sþ�±y²

sin(π
√
n2 + 1) = (−1)n sin

π√
n2 + 1 + n

.

l�?êÂñ.

SK2.3.2. e
∑∞

n=1(an − an−1)ýéÂñ§
∑∞

n=1 bnÂñ§K
∑∞

n=1 anbnÂ

ñ.

y². Ï�
∑∞

n=1(an − an−1)ýéÂñ§¤±
∑∞

n=1(an − an−1)Âñ§l

�{an}k.§�|an| ≤ M . q
∑∞

n=1 bnÂñ§d�ÜÂñ�n�§éu?

¿ε > 0§�3N ∈ N+§¦�é?¿n > N§?¿p ∈ N+§k|
∑n+p

k=n+1 bk| <
ε

1+M
§±9

∑n+p
k=n+1 |ak − ak+1| < 1. PSn+i =

∑n+i
k=n+1 bk (i = 1, 2, . . . , p)§

Kk

|
∑n+p

k=n+1 akbk| = |an+1bn+1 + an+2bn+2 + · · ·+ an+pbn+p|
= |Sn+1an+1 + (Sn+2 − Sn+1)an+2 + · · ·+ (Sn+p − Sn+p−1)an+p|
= |Sn+1(an+1 − an+2) + · · ·+ Sn+p−1(an+p−1 − an+p) + Sn+pan+p|
≤ |Sn+1||an+1 − an+2|+ . . .+ |sn+p−1||an+p−1 − an+p|+ |Sn+p||an+p|
≤ ε

1+M
(
∑n+p−1

k=n+1 |ak − ak+1|+ |an+p|) ≤ ε
1+M

(1 +M) = ε.

�
∑∞

n=1 anbnÂñ.

2.4 Ã¡?ê��ê$�

SK2.4.1. y²?ê
∑∞

n=1
(−1)[

√
n]

n
Âñ.

y². ò?ê¥���ÓÒ�Ü¿§l|¤����?ê
∑∞

n=1(−1)nan§

Ù¥

an = 1
n2 + 1

n2+1
+ · · ·+ 1

(n+1)2−1

= 1
n2

∑2n
k=0

1
1+ k

n2
= 1

n2

∑2n
k=0[1− k

n2 +O( k
2

n4 )]

= 1
n2 [(2n+ 1)− 2n+1

n
+O( 1

n
)] = 2

n
− 1

n2 +O( 1
n3 ).
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dd=��{an}�Ã¡�þ§����n¿©��üN~�µ

an − an+1 =
2

n2
+O(

1

n3
).

ùL²�?ê\)Ò����?êÂñ. du)Ò¥��ÎÒ�Ó§¤±�

��?êÂñ.

SK2.4.2. �
∑∞

n=1 an´
∑∞

n=1
(−1)n−1

n
���ü§Ù¥{an}¥���m

�^S±9K��m�^S�ü�c�Ó§q�3
∑∞

n=1 an�cn�¥

kpn���§��34�limn→∞
pn
n

= p§y²
∑∞

n=1 an = ln 2 + 1
2

ln( p
1−p)

(�p = 0, 1�òm>�L�ªn)�§3(0, 1)üà�2Â4�−∞Ú+∞).

y². ��O�
∑∞

n=1�Ü©Úê�Xeµ

Sn = (1 + 1
3

+ · · ·+ 1
2pn−1

)− ( 1
2

+ 1
4

+ · · ·+ 1
2(n−pn)

)

= (1 + 1
3

+ · · ·+ 1
2pn

)− 1
2
(1 + 1

2
+ · · ·+ 1

pn
)− 1

2
(1 + 1

2
+ · · ·+ 1

n−pn ),

,�|^ìC�ª

1 +
1

2
+ · · ·+ 1

n
= lnn+ γ + o(1),

Ù¥γ�Euler~ê§Ò�±��

Sn = [ln(2pn) + γ + o(1)]− 1
2
[ln pn + γ + o(1)]− 1

2
[ln(n− pn) + γ + o(1)]

= ln 2 + 1
2

ln( pn
n−pn ) + o(1) = ln 2 + 1

2
ln( pn/n

1−pn/n) + o(1),

-n→∞��.

SK2.4.3. r?ê

1− 1√
2

+
1√
3
− 1√

4
+

1√
5
− 1√

6
+ · · ·

��#SüXeµk�g�p���§�X�g�q�K�§2�X�g

�p���§XdUYe�. Áy¤�#?êÂñ�¿©7�^�´p = q¶

�p > q�§#?êuÑ�+∞¶�p < q�§#?êuÑ�−∞.

y². �ü±��#?ê�
∑∞

n=1 an. éu?����êN§Pm =

[ N
p+q

]§K�N → ∞�km → ∞§�m(p + q) ≤ N < (m + 1)(p + q).

r
∑∞

n=1 an�Ü©Ú�¤

N∑
n=1

an =

m(p+q)∑
n=1

an +
N∑

n=m(p+q)+1

an.
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Ï�N −m(p + q) < p + q§ù`²1��Úª��êØ�Lp + q. Ï

�N →∞ �§k

|
N∑

n=m(p+q)+1

an| ≤
N∑

n=m(p+q)+1

|an| ≤ (p+ q)
1√
m

=
p+ q√
m
→ 0.

u´·�k∑∞
n=1 an = limN→∞

∑N
n=1 an = limn→∞

∑m(p+q)
n=1 an

= limn→∞(
∑∞

n=1
1√

2n−1
−

∑∞
n=1

1√
2n

).

du
n∑
k=1

1√
k

= 2
√
n+ β +O(

1√
n

), n→∞,

ùpβ�,�~ê. u´·�k∑∞
n=1 an = limn→∞(

√
2m(
√
p−√q) + (1−

√
2)β +O( 1√

m
)

=


(1−

√
2β), ep = q,

+∞, ep > q,

−∞, ep < q.

ùÒ´�y²�.
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3.1 Ã¡�2ÂÈ©

SK3.1.1. ?Øe�È©�Âñ5µ

1.
∫∞

0
dx

3√x4+1
;

2.
∫∞

1
a arctan x

1+x3 dx;

3.
∫∞

1
sin 1

x2 dx.

y². 1. Âñ.

2. Âñ.

3. Âñ.

SK3.1.2. ?Øe�Ã¡È©�Âñ5£�)ýéÂñ½^�Âñ¤µ

1.
∫∞

1
cos2 x
x
dx;

2.
∫∞

1
cos x
xp

.

y². 1. uÑ.

2. �p > 1�§ýéÂñ¶�0 < p ≤ 1�§^�Âñ¶�p ≤ 0�§uÑ.

SK3.1.3. y²ef(x)3[a,+∞)þüNeü§�È©
∫ +∞
a

f(x)dxÂñ§

Klimx→∞ xf(x) = 0.

y². Ø��a > 0§f(x) ≥ 0. df(x)�üN5�§
∫ x
x
2
f(t)dt ≥ x

2
f(x)§

∀x ∈ [a,+∞). Ïd|^Ã¡�È©��ÜÂñ�n§·�klimx→∞ xf(x) =

0.

27
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SK3.1.4. �f(x)3[0,+∞)��Âñ§¿�È©
∫∞

0
f(x)dx Âñ. y²

limx→∞ f(x) = 0. XJ=��È©
∫∞

0
f(x)dxÂñ§±9f(x)3[0,+∞)þ

ëY§f(x) ≥ 0§´ÄEklimx→+∞ f(x) = 0?

y². duf(x)3[0,+∞)��ëY§∀ε > 0§∃δ > 0£Ø��δ ≤ ε)§

∀x1, x2 ∈ (0,+∞)§�|x1 − x2| < δ�§k|f(x1) − f(x2)| < ε
2
. qÏ

�
∫∞

0
f(x)dx Âñ§·�kéþãδ > 0§�3M > 0§�x1, x2 > M�§

k|
∫ x2

x1
f(x)dx| < δ2

2
. u´é¤kx > M±9M < x1 ≤ x ≤ x2, x2 − x1 =

δ§k

δ|f(x)| ≤ |
∫ x2

x1
f(x)dt|

≤ |
∫ x2

x1
[f(x)− f(t)]dt|+ |

∫ x2

x1
f(t)dt|

≤
∫ x2

x1
|f(x)− f(t)|dt+ |

∫ x2

x1
f(t)dt|

< ε
2
δ + δ2

2
,

¤±�x > M�§|f(x)| < ε
2

+ δ
2
≤ ε§=limx→∞ f(x) = 0.

XJ=´È©
∫∞

0
f(x)dxÂñ§±9f(x)3[0,+∞)þëY§f(x) ≥ 0§

KØUíÑlimx→+∞ f(x) = 0. ~X§¼êg(x) =


0, x ∈ [n− 1, n− 1

n · 2n
)

n, x ∈ [n− 1

n · 2n
, n)

,

n = 1, 2, · · · Klimn→∞ g(x)Ø�3§�§3[0,+∞)þÃ.§,
∫∞

0
g(x)dx =∑∞

n=1
n

n·2n =
∑∞

n=1
1

2n
= 1.

y3·�rg(x)�½Â��?U§¦z�d^��/º>�¥:�

.>�üà©O�ë§¤�¼êf(x)=��KëY¼ê§�
∫∞

0
f(x)dx =

1
2

∫ +∞
0

g(x)dx = 1
2
E,Âñ§�´limx→∞ f(x) 6= 0.

XJf´ëY�§�,·�ØU��limx→+∞ f(x) = 0§�·��±é

�S�{xn}÷vlimn→+∞ xn = +∞¦�limn→+∞ f(xn) = 0. evkëY

5§ù�:�ØU�y. £äN[!3�g�¤

SK3.1.5. �
∫∞
a
f(x)dx§

∫ +∞
a

f ′(x)dxÑÂñ§¦ylimx→∞ f(x) = 0.

y². eØ,§K�3ε0 > 0§9xn → ∞§¦�|f(xn)| > ε0§�f(xn)¥

kÃ¡õ���(Ã¡õ��Kaq�y)§K�±òK��K§Ø�

�f(xn) > ε0(n = 1, 2, · · · ). Ï
∫∞
a
f(x)dxÂñ§��3S�{x′m} : x′m →

+∞§¦�f(x′m) < ε0
2
, m = 1, 2, · · · (eØ,§K�3G > 0§é?¿x > G§

ðkf(x) ≥ ε0
2
§u´�A > G�§

∫ 2A

A
f(x)dx ≥ ε0

2
A → +∞(A → +∞)§

�
∫∞
a
f(x)dxÂñgñ). u´é?¿n,m§k|

∫ xn
x′m

f ′(x)dx| = |f(xn) −
f(x′m)| ≥ ε

2
> 0§�

∫∞
a
f ′(x)dxÂñgñ.

SK3.1.6. y²µ



3.2 ×È© 29

1. �f(x)3[0,+∞)ëY§�limx→∞ f(x) = k§K∫ ∞
0

f(ax)− f(bx)

x
dx = [f(0)− k] ln

b

a
(b > a > 0).

2. eþã^�limx→∞ f(x) = kU�
∫ +∞
a

f(x)
x
dx�3(a > 0)§K∫ ∞

0

f(ax)− f(bx)

x
dx = f(0) ln

b

a
(b > a > 0).

y². 1. ?�δ > 0§A > δ§
∫ A
δ

f(ax)−f(bx)
x

dx =
∫ aA
aδ

f(x)
x
dx−

∫ bA
bδ

f(x)
x
dx =∫ bδ

aδ
f(x)
x
dx−

∫ bA
aA

f(x)
x
dx = f(ξ)

∫ bδ
aδ

1
x
dx−f(η)

∫ bA
aA

1
x
dx = [f(ξ)−f(η)] ln b

a
.

Ù¥δa ≤ ξ ≤ δb§Aa ≤ η ≤ Ab§Ïdlimδ→0+ ξ = 0§limA→∞ η =

+∞. ¤± ∫ ∞
0

f(ax)−f(bx)
x

dx = [f(0)− k] ln b
a

2. d
∫ +∞
a

f(x)
x
dxÂñ�§

∫ bA
aA

f(x)
x
dx = 0§Ïd3£1¤�í�¥§��

�4�ò��1��§u´
∫∞

0
f(ax)−f(bx)

x
dx = f(0) ln b

a
.

3.2 ×È©

SK3.2.1. ?Øe�È©�Âñ5µ

1.
∫ 1

0
sin x

x
1
2

dx;

2.
∫ 1

0
1

3
√
x2(1−x)

dx;

3.
∫ 1

0
ln x

1−x2 dx;

4.
∫ π

2
0

dx
sin2 x cos2 x

;

5.
∫ 1

0
| lnx|pdx.

6.
∫ π

2

0
1−cos x
xm

dx.

y². 1. Âñ.

2. Âñ.

3. Âñ.

4. uÑ.
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5. �p ≤ −1uÑ§p > −1�Âñ.

6. �m < 3È©Âñ§m ≥ 3È©uÑ.

SK3.2.2. ?Øe�È©�Âñ5�ýéÂñ5µ

1.
∫∞

0
sin2 xdx;

2.
∫∞

0
xp sin(xq)dx (q 6= 0);

3.
∫∞

0
xp sin x
1+xq

dx (q ≥ 0);

4.
∫∞

0

sin(x+ 1
x )

xn
dx.

). 1. ^�Âñ.

2. �−1 < p+1
q
< 0�ýéÂñ§�0 ≤ p+1

q
< 1�^�Âñ¶Ù¦�¹u

Ñ.

3. �p > −2§q > p+ 1�ýéÂñ§�p > −2§p < q ≤ p+ 1�^�Â

ñ. Ù§�ÿuÑ.

4. �0 < n < 2�^�Âñ§Ù§�ÿuÑ.

�n ≤ 0�§È©w,´uÑ�. �n > 0�§Äk�·�ÄÈ

©
∫ +∞

0

sin(x+ 1
x )

xn
dx (a > 1). du∫ +∞

a

sin(x+ 1
x
)

xn
dx =

∫ +∞

a

(1− 1
x2 ) sin(x+ 1

x2 )

xn(1− 1
x2 )

dx,



|
∫ A

a

(1− 1

x2
) sin(x+

1

x2
)dx| = | cos(a+

1

a
− cos(A+

1

A
)| ≤ 2.

5¿��x¿©��§¼êxn(1− 1
x2 )üN4O§u´¼ê 1

xn(1− 1
x2

)
�x¿

©��üN4~ªu0. dd��§�n > 0�§È©
∫ +∞
a

sin(x+ 1
x )

xn
dxÂ

ñ.

2�ÄÈ©
∫ a′

0

sin(x+ 1
x )

xn
dx (0 < a′ < 1). �x = 1

t
§K∫ a′

0

sin(x+ 1
x
)

xn
dx (0 < a′ < 1) =

∫ ∞
1
a′

sin(t+ 1
t
)

t2−n
dt,

dc¤ã§·��dÈ©��=�n < 2�Âñ.
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5¿��0 < a′ < 1 < a�§È©
∫ a
a′

sin(x+ 1
x )

xn
dx���~ÂÈ©. l

nþk�0 < n < 2�§È©
∫∞

0

sin(x+ 1
x )

xn
dxÂñ.

�±y²µÈ©
∫∞

0

| sin(x+ 1
x )|

xn
dx�0 < n < 2�uÑ. ¯¢þ§

| sin(x+ 1
x
)|

xn
≥

sin2(x+ 1
x
)

xn
≥

1− cos(2x+ 2
x
)

2xn
,

�0 < n < 1�§È©
∫ +∞
a

dx
xn
w,uÑ§È©

∫ +∞
a

cos(2x+ 2
x )

xn
dx Â

ñ£�c¡y²¤§��0 < n ≤ 1�§È©
∫∞

0

| sin(x+ 1
x )|

xn
dxuÑ. é

u1 < n < 2��¹§��ÄéÈ©�C�x = 1
t
§aq�±y²È

©
∫∞

0

| sin(x+ 1
x )|

xn
dxuÑ.

nþ¤ã§·�k�0 < n < 2�^�Âñ§Ù§�ÿuÑ.

SK3.2.3. O�e�×È©��

1.
∫ 1

0
(lnx)ndx§n ∈ N+.

2.
∫ 1

0
xn√
1−xdx.

). 1. (−1)nn!.

2. 2 (2n)!!
(2n+1)!!

.

SK3.2.4. O�È©I =
∫ π

2

0
ln(sinx)dx.

). d2ÂÈ©×:�x = 0. |^�Ü�O{§N´�yÙÂñ5.

k���x = 2t§��

I =

∫ π
4

0

2 ln(sin 2t)dt =
π

2
ln 2 +

∫ π
4

0

2 ln(sin t)dt+

∫ π
4

0

2 ln(cos t)dt,

ém>����È©^��t = π/2− u§��

I = π
2

ln 2 +
∫ π

4

0
2 ln(sin t)dt+

∫ π
2
π
4

2 ln(sin t)dt

= π
2

ln 2 +
∫ π

2

0
2 ln(sin t)dt = π

2
ln 2 + 2I.

¤±kI = −π
2

ln 2.

3.3 Ö¿á�

3.3.1 Dirichlet�O{�7�5

·K3.3.1. �f3[a, b)þS�?�4«m�È§b�Û:§2ÂÈ©
∫ b
a
f(x)dxÂ

ñ�¿©7�^�´�3©)f = uv§¦�
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(1) ¼êu3[a, b)þüN§�limx→b− u(x) = 0;

(2) é?Ûb′ > a§È©
∫ b′
a
v(x)dx�3�k.

y². ¿©5���. e¡�éb = ∞�/�7�5�Ñy²§éuÙ§�
¹y²´aq�.

l2ÂÈ©
∫∞
a
f(x)dxÂñ§�â�ÜÂñOK§�3A1 > a§¦�é

u?ÛB > A ≥ A1§k|
∫ B
A
f(x)dx| < 1.

8B/��§éun ≥ 2§�3An ≥ An−1 + 1§¦�éu?ÛB > A ≥
An§¤á|

∫ B
A
f(x)dx| < 1

n3 . ù�·���
��î�üN4OªuÃ¡�

�S�{An}.
y3½Â

u(x) =

 1, a ≤ x ≤ A1,

1

n
, A<x ≤ An+1, n ∈ N+;

±9

v(x) =
f(x)

u(x)
, a ≤ x ≤ ∞.

ù�Òk©)f = uv§Ù¥w,¼êu÷v^�(1)§u´e¡·��Iy

²¼êv÷v^�(2). Ïd�I�y²§3?¿4«m[a,A]þ�È©k..

du�a ≤ A ≤ A1�§kv(x) = f(x)§Ïd�3~êL > 0§¦�éù

��A¤á

|
∫ A

a

v(x)dx| < L.

eA > A1§K�3n§¦�An < A ≤ An+1. ù´�â½Â§�±�©)∫ A

a

v(x)dx = (

∫ A1

a

+

∫ A2

A1

+2

∫ A3

A2

+ · · ·+ (n− 1)

∫ An

An−1

+n

∫ A

An

)f(x)dx,

lØJdn�Ø�ª�

|
∫ A
a
v(x)dx| ≤ |

∫ A1

a
f |+ |

∫ A2

A1
f |+ 2|

∫ A3

A2
f |+ · · ·+ (n− 1)|

∫ An
An−1

f |+ n|
∫ A
An
f |

≤ L+ 1 + 2 · 1
23 + · · ·+ (n− 1) · 1

(n−1)3
+ n · 1

n3

= L+ 1 + 1
22 + · · ·+ 1

n2

< L+ 2.

l�y.
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4.1 ¼êS����ÂñVg

SK4.1.1. ?Øe�¼êS�3¤««����Âñ5µ

1. fn(x) =
√
x2 + 1

n2 , x ∈ (−∞,+∞);

2. fn(x) = sin x
n
, (i) x ∈ (−l, l); (ii) x ∈ (−∞,+∞);

3. fn(x) = nx
1+nx

, x ∈ (0, 1);

4. fn(x) = 1
1+nx

, (i) x ∈ [a,+∞), a > 0, (ii) x ∈ (0,+∞);

5. fn(x) = n2x2

1+n3x3 , (i) x ∈ [a,+∞), a > 0, (ii) x ∈ (0,+∞);

6. fn(x) = nx
1+n+x

, x ∈ [0, 1];

7. fn(x) = xn

1+xn
, (i) x ∈ [0, b], b < 1; (ii) x ∈ [0, 1]; (iii) x ∈ [a,+∞), a >

1;

8. fn(x) = xn − x2n x ∈ [0, 1];

9. fn(x) = xn − xn+1 x ∈ [0, 1];

10. fn(x) = x
n

ln x
n
, x ∈ (0, 1);

11. fn(x) = 1
n

ln(1 + e−nx);

12. fn(x) = e−(x−n)2 , (i) x ∈ [−l, l]; (ii) x ∈ (−∞,+∞).

). 1. 3(−∞,+∞)þ��Âñu|x|.

2. (i)3(−l, l)��Âñu0¶(ii)3(−∞,+∞)ÂñØ��Âñ.

3. 3(0, 1)Âñ�Ø��Âñ.

4. (i)3[a,+∞)��Âñu0¶(ii)3(0,+∞)ÂñØ��Âñ.

33
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5. (i)3[a,+∞)��Âñu0¶(ii)3(0,+∞)ÂñØ��Âñ.

6. 3[0, 1]S��Âñux.

7. (i)��Âñ§(ii)Ø��Âñ§(iii)��Âñ

8. 3[0, 1]SÂñØ��Âñ.

9. 3[0, 1]S��Âñu0.

10. 3(0, 1)S��Âñu0.

11. ��Âñ.

12. (i)3[−l, l]��Âñu0¶(ii)3(−∞,+∞)ÂñØ��Âñ.

SK4.1.2. �fn(x)(n = 1, 2, · · · )3[a, b]þk.§¿�|fn(x)3[a, b]þ��

Âñ§¦yfn(x)3[a, b]þ��k..

y². ®�fn(x)(n = 1, 2, · · · )3[a, b]þk.. K∃Mn > 0§¦�é?¿x ∈
[a, b]§k|fn(x)| ≤ Mn. �fn(x)3[a, b]��Âñuf(x). K∀ε > 0§∃N ∈
N+§∀n > N§∀x ∈ [a, b]k|fn(x)−f(x)| < ε. AO/éε0 = 1§∃N0 ∈ N+§

∀x ∈ [a, b]§|fN0+1(x)−f(x)| < ε0 = 1§l|f(x)| ≤ 1+|f(x)| ≤ 2+MN0+1.

¤±∀n > N0§∀x ∈ [a, b]§|fn(x)| < 1 + |f(x)| ≤ 2 + MN0+1. �M =

max{M1,M2, · · · ,MN0
, 2 +MN0+1}§K∀n ∈ N+§∀x ∈ [a, b]§k|fn(x)| ≤

M§=fn(x)3[a, b]þ��k..

SK4.1.3. ¯ëêα��o��§fn(x) = nαxe−nx, n = 1, 2, 3, · · ·34«
m[0, 1]Âñº34«m[0, 1]��Âñº¦limn→∞

∫ 1

0
fn(x)dx�3È©Òe

�4�º

). 1. �x = 0�§é?¿α§þkfn(x) = 0¶�x 6= 0�x ∈ (0, 1]�§

é?¿α§þklimn→∞ fn(x) = limn→∞
nnx
e−nx

= 0. Ïdéu?¿α§

fn(x)3[0, 1]þÂñu¼êf(x) = 0.

2. duf ′n(x) = nae−nx(1−nx)§��x = 1
n
�§f ′n(x) = 0. qdu�x <

1
n
, f ′n(x) > 0¶�x > 1

n
�§f ′n(x) < 0¶�x = 1

n
�fn(x)3[0, 1]þ

����:§Ïdρn = supx∈[0,1][fn(x) − 0] = supx∈[0,1] n
αxe−nx =

nα−1e−1. �α < 1�n→∞�§kρn → 0. u´�α < 1�§fn(x)3[0, 1]þ

��Âñu¼êf(x) = 0.
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3.
∫ 1

0
limn→∞ fn(x)dx =

∫ 1

0
0dx = 0. limn→∞

∫ 1

0
fn(x)dx = limn→∞ n

α−2(1−
e−n − ne−n) = 0. l�α < 2�§limn→∞

∫ 1

0
fn(x)dx �3È©Òe

�4�.

SK4.1.4. �fn(x)(n = 1, 2, · · · )3(−∞,+∞)��ëY§�{fn(x)}3(−∞,+∞)�

�Âñuf(x). ¦yf(x)3(−∞,+∞)��ëY.

y². d{fn(x)}��Âñuf(x)�§∀ε > 0, ∃N ∈ N+, ∀n > N, ∀x ∈
(−∞,+∞)§�|x1 − x2| < δ§kfN+1(x1)− fN+1(x2)| < ε. u´k

|f(x1)− f(x2)| = |f(x1)− fN+1(x1) + fN+1(x1)− fN+1(x2) + fN+1(x2)− f(x2)|
≤ |f(x1)− fN+1(x1)|+ |fN+1(x1)− fN+1(x2)|+ |fN+1(x2)− f(x2)|
< ε+ ε+ ε = 3ε.

u´·�kf(x)3(−∞,+∞)��ëY.

4.2 ¼ê�?ê���Âñ59Ù�O{

SK4.2.1. ?Øe�¼ê�?ê���Âñ5

1.
∑∞

n=1
sinnx

3√n4+x4
, x ∈ (−∞,+∞);

2.
∑∞

n=1
x

1+n4x2 , x ∈ (−∞,+∞);

3.
∑∞

n=1
(−1)n(1−e−nx)

n2+x2 , x ∈ [0,+∞);

4.
∑∞

n=1
sinnx
x+2n

, x ∈ (−2,+∞);

5.
∑∞

n=1
nx

1+n5x2 , x ∈ (−∞,+∞);

6.
∑∞

n=1
n2
√
n!

(xn + x−n), 1
2
≤ |x| ≤ 2;

7.
∑∞

n=1 x
2e−nx;

8.
∑∞

n=1
xn lnn x
n!

, x ∈ [0, 1];

9.
∑∞

n=2[
√
x2 + 1

n2 −
√
x2 + 1

(n−1)2
, x ∈ (−∞,+∞);

10.
∑∞

n=1
n
xn
, |x| ≥ r > 1;

11.
∑∞

n=1
ln(1+nx)
nxn

, x ∈ [a,+∞), a > 1.

). þ��Âñ.
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SK4.2.2. ?Øe�¼ê�?ê���Âñ5

1.
∑∞

n=1

cos
2nπ

3√
n2+x2 , x ∈ (−∞,+∞);

2.
∑∞

n=1
sin x sinnx√

x+n
(0 < x <∞);

3.
∑∞

n=1
(−1)n

n+x
, x ∈ (−1,+∞);

4.
∑∞

n=1
(−1)n

n+sin x
, x ∈ (−∞,+∞);

5.
∑∞

n=1 2n sin 1
3nx

, x ∈ (0,+∞);

6.
∑∞

n=1
(−1)

n(n−1)
2

3√n2+ex
, |x| ≤ a.

). 1. ��Âñ.

2. ��Âñ.

3. ��Âñ.

4. ��Âñ.

5. Ø��Âñ.

6. ��Âñ.

SK4.2.3. �z��ϕn(x)Ñ´[a, b]þ�üN¼ê§XJ
∑∞

n=1 ϕn(x)3[a, b]�

à:�ýéÂñ§@où?ê3[a, b]��Âñ.

y². db�·��
∑∞

n=1 |ϕn(a)|9
∑∞

n=1 |ϕn(b)|Âñ. Ïd
∑∞

n=1[|ϕn(a)|+
|ϕn(b)|]Âñ§qdϕn(x)3[a, b]üN§�|ϕn(x)| ≤ |ϕn(a)| + |ϕn(b)|§∀x ∈
[a, b]. ld'��O{�§

∑∞
n=1 ϕn(x) ýéÂñ¶dM�O{·�

k
∑∞

n=1 ϕn(x)3[a, b]��Âñ.

SK4.2.4. e
∑∞

n=1 un(x)����|un(x)| ≤ cn(c), x ∈ X§¿�
∑∞

n=1 cn(x)

3 X ��Âñ§y²
∑∞

n=1 un(x) 3Xþ���Âñ�ýéÂñ.

y². Ï�
∑∞

n=1 cn(x)3X��Âñ§d�Ü�n§∀ε > 0§∃N ∈ N+§

�n > N�§∀p ∈ N+, ∀x ∈ X§Ñk
∑n+p

k=n+1 ck(x) ≤ |
∑n+p

k=n+1 ck(x)| < ε.

du|un(x)| ≤ cn(x), x ∈ X§l|
∑n+p

k=n+1 uk(x)| ≤
∑n+p

k=n+1 |uk(x)| ≤∑n+p
k=n+1 ck(x) < ε§d�Ü�n§

∑∞
n=1 un(x)3X���Âñ�ýéÂ

ñ.
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SK4.2.5. y²?ê
∑∞

n=1(−1)n−1 1
n+x2'ux3(−∞,+∞)��Âñ§�é

?Ûx¿�ýéÂñ¶?ê
∑∞

n=1
x2

(1+x2)n
�3x ∈ (−∞,+∞)ýéÂñ§

�¿Ø��Âñ.

y². du∀x ∈ (−∞,+∞)§ 1
n+x2 ≤ 1

n
§Ïd 1

n+x2éz��½�x ∈ (−∞,+∞)'

un�üN�§�3(−∞,+∞)��Âñu0. |
∑n

k=1(−1)k| ≤ 1§d)|

�X�O{�§
∑∞

n=1(−1)n−1 1
n+x23(−∞,+∞)��Âñ. ØJwÑ?

ÛxT?ê�ýéÂñ.

e¡?Ø?ê
∑∞

n=1
x2

(1+x2)n
, ∀x ∈ (−∞,+∞)§§���AÛ?ê§ú

'r = 1
1+x2 ≤ 1. l?ê

∑∞
n=1

x2

(1+x2)n
3x ∈ (−∞,+∞)ýéÂñ. ´�Ú

¼êS(x) =

 0, x = 0,

1, x 6= 0.
u´

|Sn(x)− S(x)| =


0, x = 0,

1

(1 + x2)n
, x 6= 0.

dusupx∈(−∞,+∞) |Sn(x)− S(x)| = 1§Ïd?ê
∑∞

n=1
x2

(1+x2)n
3(−∞,+∞)

þØ��Âñ.

SK4.2.6. �[a, b]´��4«m§¿�éuz��ên ≥ 1, f (n) : [a, b] →
R´iù�È¼ê. b�(f (n))∞n=1 3[a, b]þ��Âñ�¼êf : [a, b] → R§
@of�´iù�È�§¿�

lim
n→∞

∫
[a,b]

f (n) =

∫
[a,b]

f.

y². ·�kyf3[a, b]þ´iù�È�§=f�þÈ©
∫

[a,b]
f�eÈ©

∫ [a,b]
f�

�.

�ε > 0. du(f (n))∞n=1��Âñ�f§¤±�3N > 0§¦�éu?

¿n > NÚx ∈ [a, b]§k

|f (n)(x)− f(x)| < ε.

u´?¿x ∈ [a, b]§k

f (n)(x)− ε < f(x) < f (n)(x) + ε.

3[a, b]þéþªÈ©§·�k∫
[a,b]

(f (n) − ε) ≤
∫

[a,b]

f ≤
∫

[a,b]

f ≤
∫

[a,b]

(f (n) + ε).



38 1oÙ

5¿�f (n)´iù�È�§¤±

(

∫
[a,b]

f (n))− ε(b− a) ≤
∫

[a,b]

f ≤
∫

[a,b]

f ≤ (

∫
[a,b]

f (n)) + ε(b− a).

u´0 ≤
∫

[a,b]
f −

∫
[a,b]

f ≤ 2ε(b − a). dε�?¿5§·��f�þÈ

©
∫

[a,b]
f�eÈ©

∫ [a,b]
f��.

Ó�§dþãy²���§éuz�ε > 0§�3N > 0§¦�éu?

¿n ≥ N§|
∫

[a,b]
f (n) −

∫
[a,b]

f | ≤ 2ε(b − a)§ùL²
∫

[a,b]
f (n)Âñ�

∫
[a,b]

f .

4.3 Ú¼ê�©Û5�

SK4.3.1. ¦yf(x) =
∑∞

n=1
sinnx
n3 3(−∞,+∞)SëY§¿këY�¼ê.

y². du| sinnx
n3 | ≤ 1

n3§dM-�O{�§�?ê3(−∞,+∞)þ��Â

ñ. qéu?¿n§un(x) = sinnx
n3 3(−∞,+∞)þëY§lÚ¼êf(x) =∑∞

n=1
sinnx
n3 3(−∞,+∞)SëY. duu′n(x) = cosnx

n2 3(−∞,+∞)þëY§

�?ê
∑∞

n=1
cosnx
n2 ��Âñ§�â¼ê�?ê��Âñ�5��§þã?

ê�Ú3(−∞,+∞)þëY§�kf ′(x) =
∑∞

n=1
cosnx
n2 .

SK4.3.2. �
∑∞

n=1 un(x)3(a, b)S��Âñ§un(x)(n = 1, 2, . . .)3[a, b]þ

ëY§¦yµ

(1)
∑∞

n=1 un(x)3[a, b]þ��Âñ¶

(2) S(x) =
∑∞

n=1 un(x)3[a, b]þëY.

y². (1) �
∑∞

n=1 un(x)3(a, b)��Âñ§d�Ü�n§∀ε > 0, ∃ ∈
N+, ∀n > N, ∀p ∈ N+,∀x ∈ (a, b)§k|

∑n+p
k=n+1 uk(x)| < ε

2
< ε.

duun(x)(n = 1, 2, · · · )3[a, b]ëY§AO/§3x = a, x = b:ë

Y§3þª¥©O-x → a, x → b�§ |
∑n+p

k=n+1 uk(a)| ≤ ε
2
< ε§

|
∑n+p

k=n+1 uk(b)| ≤
ε
2
< ε. u´∀ε > 0§∃N ∈ N+§∀n > N§∀p ∈ N+§

∀x ∈ [a, b]§k|
∑n+p

k=n+1 uk(x)| < ε§=
∑n+p

k=n+1 uk(x)3[a, b]��Âñ.

(2) d(1)�§
∑∞

n=1 un(x)3[a, b]��Âñ§q∀n§un(x)3[a, b]ëY§u

´�âÚ¼ê�ëY5�§S(x) =
∑∞

n=1 un(x)3[a, b]ëY.

SK4.3.3. �{xn}´(0, 1)S���ê�§=0 < xn < 1§�xi 6= xj(i 6= j).

Á?Ø¼ê

f(x) =

∞∑
n=1

sgn(x− xn)

2n
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3(0, 1)¥�ëY5.

y². Äk§d sgn(x−xn)
2n

≤ 1
2n
é?¿x ∈ (0, 1)¤á§±9

∑∞
n=1

1
2n
Âñ§

¤±
∑∞

n=1
sgn(x−xn)

2n
3(0, 1)S��Âñ.

�x0 6= xn(n = 1, 2, · · · )�«m(0, 1)S?¿�:§KÏ�un(x) =
sgn(x−xn)

2n
3x = x0?ëY§u´é?¿ε > 0§�N¿©�¦� 1

2N+1 < ε§

�δ > 0¿©�¦�x1, · · · , xNÑØ3«m(x0 − δ, x0 + δ)S§u´é?

¿x ∈ (x0 − δ, x0 + δ)§|f(x)− f(x0)| < ε§lf3:x = x0?ëY.

�xk´{xn}¥?¿�:§Ïf(x) =
∑

n 6=k
sgn(x−xn)

2n
+ sgn(x−xk)

2k
, m>

1��3x = xk?ëY§1��3x = xk?mä§Ïdf(x)3x = xk?m

ä.

SK4.3.4. �?ê
∑∞

n=1 anÂñ§y²µlimx→0+

∑∞
n=1

an
nx

=
∑∞

n=1 an.

y². du?ê
∑∞

n=1 anÂñ§�éu?¿x ∈ (0,+∞)�n → ∞�{ 1
nx
}ü

Neü�| 1
nx
| ≤ 1§ldC���O{�

∑∞
n=1

an
nx
3[0,+∞)þ��Âñ.

éu?¿n§ an
nx
3[0,+∞) þëY§¤±S(x) =

∑∞
n=1

an
nx
3[0,+∞)þë

Y§l·�klimx→0+ S(x) = limx→0+

∑∞
n=1

an
nx

=
∑∞

n=1 limx→0+
an
nx

=∑∞
n=1 an.

SK4.3.5. �f(x) =
∑∞

n=1
e−nx

1+n2§¦yµ

(1) f(x)3x ≥ 0ëY¶

(2) f(x)3x > 0�Ã¡g��.

y². (1) dué?¿x ∈ [0,+∞)§k| e−nx
1+n2 | ≤ 1

1+n2§
∑∞

n=1
1

1+n2 Â

ñ§�âM-�O{§
∑∞

n=1
e−nx

1+n23[0,+∞)��Âñ. qéz�n§¼

êun(x) = e−nx

1+n2 3[0,+∞)þëY§�f(x) =
∑∞

n=1
e−nx

1+n23[0,+∞)þ

ëY.

(2) éu?¿x0 > 0§3[x0

2
,+∞)þ§u′n(x) = −ne−nx

1+n2 ëY. Ó�|u′n(x)| =
| −n
(1+n2)enx

| ≤ n

(1+n2)e
nx0
2
,∀x ∈ [x0

2
,+∞)§

∑∞
n=1

n

(1+n2)e
nx0
2
Âñ£)

|�X�O{¤§dM-�O{§
∑∞

n=1
−ne−nx

1+n2 3[x0

2
,+∞)þ��Â

ñ§u´f(x)3[x0

2
,+∞)þ��§�f ′(x) =

∑∞
n=1

−ne−nx
1+n2 é?¿x ∈

[x0

2
,+∞)¤á. duX0 > x0/2§�f 3x0?���f

′(x0) =
∑∞

n=1
−ne−nx0

1+n2 .

dx0 > 0 �?¿5�f(x)3x > 0��. aq/·�kf(x)3x > 0�

Ã¡g��.
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5.1 �?ê�Âñ�»�Âñ«�

SK5.1.1. �|
∑n

k=0 akx
k
1 | ≤ M(n = 0, 1, 2, . . . ; x1 > 0)§¦y�0 < x <

x1�§k

(1)
∑∞

n=0 anx
n Âñ¶

(2) |
∑∞

n=0 anx
n| ≤M .

y². (1) du
∑∞

n=0 anx
n =

∑∞
n=0 anx

n
1 · ( xx1

)n§
∑∞

n=0 anx
n
1�Ü©Ú

k.§�{( x
x1

)n}üNeüªu0. u´d)|�X�O{�ÙÂñ.

(2) ·�k
∑∞

n=0 anx
n =

∑∞
n=0 anx

n
1 · ( xx1

)n =
∑∞

n=0(
∑n

k=0 akx
k
1)(( x

x1
)n −

( x
x1

)n+1). u´·�k|
∑∞

n=0 anx
n| ≤

∑∞
n=0M(( x

x1
)n − ( x

x1
)n+1) = M .

l�y.

5.2 �?ê�5�

SK5.2.1. ^Å��©½Å�È©¦e�?ê�Úµ

1.
∑∞

n=1 nx
n;

2.
∑∞

n=1
(−1)n−1

n(2n−1)
x2n;

3.
∑∞

n=0(2n+1 − 1)xn.

). 1. x
(1−x)2

;

2. 2x arctanx− ln(1 + x2);

3. 1
(1−x)(1−2x)

.

SK5.2.2. ¦e�?ê�Úµ
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1.
∑∞

n=1
2n−1

2n
;

2.
∑∞

n=1
1

n(2n+1)
.

). 1. 3;

2. 2− ln 2.

5.3 ¼ê��?êÐm

SK5.3.1. ¦e�?ê�Úµ

(1)
∑∞

n=1
n2+1
n!2n

xn;

(2)
∑∞

n=1
(−1)nn3

(n+1)!
xn;

(3)
∑∞

n=1
(2n+1)2

n!
x2n+1.

).

(1) (1 + x
2

+ x2

4
)e

x
2 − 1;

(2) �x 6= 0 �Úª�u− 1
x

+ e−x( 1
x

+ 1 + x2)§�x = 0�Úª�0;

(3) (4x5 + 8x3 + x)ex
2 − x.
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6.1 n�?ê�Fp�?ê

SK6.1.1. ¦e�±Ï�2π�¼ê�Fp�?êµ

(1) n�õ�ªPn(x) =
∑n

i=0(ai cos ix+ bi sin ix);

(2) f(x) = cos x
2
;

(3) f(x) = | sinx| (−π < x < π);

(4) f(x) =

x, π < x < 0

0, 0 ≤ x < π

(5) f(x) = sgn(cosx).

). (1) a0 +
∑n

i=1(ai cos ix+ bi sin ix);

(2) 1
π

[2 +
∑∞

n=1(−1)n 4
1−4n2 cosnx];

(3) 2
π
− 4

π

∑∞
n=1

cos 2nx
4n2−1

¶

(4) −pi
4

+
∑∞

n=1( 1−(−1)n)
n2π

cosnx+ (−1)n+1

n
sinnx);

(5) 4
π

∑∞
k=0[(−1)k cos(2k+1)x

2k+1
].

O�N´���Øµ�KÒt�§
∫ 0

−π x = −pi
2
5¿KÒ§en = 1¼

êcos(1− n)x��¼ê¿Ø´ sin(1−n)x
1−n + C´x+ C.

6.2 Fp�?ê�Âñ5

SK6.2.1. dÐmª

x = 2
∞∑
n=1

(−1)n+1 sinnx

n
(−π < x < π),
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(1) ^Å�È©{¦x2, x3, x43(−π, π)¥�Fp�Ðmª¶

(2) ¦?ê
∑∞

n=1
(−1)n+1

n4 ,
∑∞

n=1
1
n4�Ú.

). (1) Å�È©§·�kµ

x2 = π2

3
+

∑∞
n=1(−1)n 4

n2 cosnx;

x3 = 2
∑∞

n=1((−1)n+1 π2

n
+ (−1)n 6

n3 ) sinnx;

x4 = π4

5
+

∑∞
n=1( 48

n4 − 8π2

n2 )(−1)n+1 cosnx.

(2)
∑∞

n=1
(−1)n+1

n4 = 7π4

720
,
∑∞

n=1
1
n4 = π4

90
.

SK6.2.2. (1) 3(−π, π)S§¦f(x) = ex�Fp�Ðmª¶

(2) ¦?ê
∑∞

n=1
1

1+n2�Ú.

). (1) 2
π

shπ[ 1
2

+
∑∞

n=1((−1)n 1
n2+1

cosnx+ (−1)n+1 n
n2+1

sinnx].

(2)
∑∞

n=1
1

1+n2 = 1
2
(πcothπ − 1).

SK6.2.3. y²µen�¼ê

a0

2
+

∞∑
n=1

(an cosnx+ bn sinnx)

¥�Xêan§bn÷v'X

max{|n3an|, |n3bn|} ≤M,

M�~ê§Kþãn�?êÂñ§�ÙÚ¼êäkëY��¼ê.

y². Ï�

|an cosnx+ bn sinnx| ≤ |an cosnx|+ |bn sinnx| ≤ |an|+ |bn| ≤
2M

n3
,

�?ê
∑∞

n=1
2M
n3 Âñ§¤±?ê

a0

2
+

∞∑
n=1

(an cosnx+ bn sinnx)

Âñ§¿�ýéÂñÚ��Âñ. éT?êÅ�¦�§·��?ê

∞∑
n=1

(nbn cosnx− nan sinnx).
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du

|nbn cosnx−nan sinnx| ≤ |nbn cosnx|+ |nan sinnx| ≤ |nan|+ |nbn| ≤
2M

n2
,

�?ê
∑∞

n=1
2M
n2 Âñ§¤±?ê

∞∑
n=1

(nbn cosnx− nan sinnx)

��Âñ. u´d?ê�Ú¼êëY. u´d¼ê�?ê�Å�¦�½n·

�kþã(Ø.

SK6.2.4. �f(x)±2π�±Ï§3(0, 2π)þüN4~§�k.. ¦yµan ≥
0 (n > 0).

y². ò«m(0, 2π)�n�©§K

bn = 1
π

∫ 2π

0
f(x) sinnxdx = 1

π

∑n
i=1

∫ i 2πn
(i−1) 2π

n

f(x) sinnxdx

= 1
π

∑n
i=1[

∫ (i− 1
2 ) 2π

n

(i−1) 2π
n

f(x) sinnxdx+
∫ i 2πn

(i− 1
2 ) 2π

n

f(x) sinnxdx]

= 1
π

∑n
i=1[

∫ (i− 1
2 ) 2π

n

(i−1) 2π
n

f(x) sinnxdx+
∫ i 2πn

(i− 1
2 ) 2π

n

f(t+ π
n

) sinntdt](Ù¥x = t+ π
n

)

= 1
π

∑n
i=1[

∫ (i− 1
2 ) 2π

n

(i−1) 2π
n

[f(x)− f(x+ π
n

)] sinnxdx] ≥ 0.

����Ø�ª´Ï�f(x)3(0, 2π)þüN4~§�3«m[(i − 1) 2π
n
, (i −

1
2
) 2π
n

]þsinnx ≥ 0.

6.3 ?¿«mþ�Fp�?ê

SK6.3.1. ¦e�±Ï¼ê�Fp�?êµ

(1) f(x) = | cosx|;

(2) f(x) = x− [x].

). (1) 1
π

+ 4
π

∑∞
n=1

(−1)k+1
4k2−1

cos 2kx;

(2) 1
2
− 1

π

∑∞
n=1

sin 2nπx
n

.

6.4 Fp�?ê�²þÂñ5

SK6.4.1. ef(x)§g(x)±2π�±Ï§3[−π, π]²��È§

f(x) ∼ a0

2
+

∞∑
n=1

(an cosnx+ bn sinnx), g(x) ∼ a0

2

∞∑
n=1

(αn cosnx+βn sinnx)
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K
1

π

∫ π

−π
f(x)g(x)dx =

a0α0

2
+
∞∑
n=1

(anαn + bnβn).

y². ef(x)§g(x)3[−π, π]²��È§Kf +gÚf −g�´²��È�§A
^Paseval�ªuf + gÚf − g§�µ

1
π

∫ π
−π(f(x) + g(x))2dx = (a0+α0)2

2
+
∑∞

k=1((ak + αk)
2 + (bk + βk)

2,
1
π

∫ π
−π(f(x)− g(x))2dx = (a0−α0)2

2
+

∑∞
k=1((ak − αk)2 + (bk − βk)2.

±þüª�~=�·�¤I��ª.
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