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In the following exercises m always denote the Lebesgue measure, and

m∗ the Lebesgue outer measure.

SK1. Fix a prime number p. We define a function on Z×Z by d(x, x) = 0

and d(x, y) = p−n for x 6= y where n is the largest integer such that pn

divides y − x. Prove that (Z, d) is a metric space. Is (Z, d) compact?

SK2. Suppose {Ek}∞k=1 is a countable family of measurable subsets of Rd

and that
∞∑
k=1

m(Ek) <∞.

Let

E = {x ∈ R : x ∈ Ek, for infinitely many k} = lim sup
k→∞

(Ek).

1. Show that E is measurable.

2. Prove m(E) = 0.

SK3. Let χ[0,1] be the characteristic function of [0, 1]. Show that there is

no everywhere continuous function f on R such that

f(x) = χ[0,1] almost everywhere.

SK4. Suppose E is measurable with m(E) <∞, and

E = E1 ∪ E2, E1 ∩ E2 = ∅.

If m(E) = m∗(E1) +m∗(E2), then E1 and E2 are measurable.
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SK5. Let {fn} be a sequence of measurable functions on [0, 1] with |fn(x)| <
∞ for a.e. x. Show that there exists a sequence cn of positive real numbers

such that
fn(x)

cn
→ 0 a.e.x.

SK6. Let A be the subset of [0, 1] which consists of all numbers which do

not have the digit 4 appearing in their decimal expansion. Find m(A).

SK7. Suppose that f : R → R is on-decreasing. Show that if A ⊂ R is a

Borel set, then so is f(A).

SK8. Consider the curve Γ = {y = f(x)} in R2, 0 ≤ x ≤ 1. Assume

that f is twice continuously differentiable in 0 ≤ x ≤ 1. Then show that

m(Γ + Γ) > 0 if and only if Γ + Γ contains an open set, if and only if f is

not linear.


