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Independence

Definition
Two random variables X and Y are independent, denoted by

X1Y, if
p(z,y) = p(z)p(y)

for all z and y (i.e., for all (z,y) € X x ).
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Independence

Definition

For n > 3, random variables X7, Xo, ---, X,, are mutually
independent if

for all 1,20, ,x,.

Definition

For n > 3, random variables X, X5, ---, X, are pairwise
independent if X; and X; are independent for all 1 <i < j <mn.
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Independence

Definition
For random variables X, Y, and Z, X is independent of Z
conditioning on X, denoted X L Z|Y’, if

p(z,y,2)p(y) = p(z,y)p(y, 2)

for all z, y and z, or equivalently,

pleypy,z) _ -
p(z,y,x) = p(v) p(z,y)p(zly) if p(y) > 0
0 otherwise
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Independence

For random variables X, Y and Z, X L Z|Y if and only if

p(x,y,2) = a(x,y)b(y, 2)

for all x, y and z such that p(y) > 0.
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Independence

The ‘only if" part follows immediately from the definition of conditional independence , so we will only prove the
‘if" part. Assume
p(z,y, z) = a(z,y)b(y, 2)

for all z, y and z such that p(y) > 0. Then for such z, y and z, we have

p(z,y) = > p(z,y,2) = > a(@,y)b(y, 2) = a(z,y) Y _ b(y, 2)

z

" p(y, 2) = ;p(x»yy z) = ; a(@, y)b(y, z) = b(y, 2) ;a(w; Y)-
Therefore,
p(@, Y)p(y, 2) = (a(z,y) g b(y, 2)) (b(y, 2) ;a(r, v))
= (g:a(sz)(zz:b(yw)) (a(z, y)b(y, 2))
=r(W)p(z,y, 2)-
Hence X L Z|Y', and the proof is accomplished. L]
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Stochastic process

Stochastic process

Definition

A stochastic process is a collection of random variables that arise
from the same probability space. It can be mathematically
represented by collection

{Xt7 te I}v

where X; denotes the tth random variable in the process, and the
index ¢ runs over an index set I which is arbitrary.

Lecture 4 Markov chain and entropy rate



Stochastic process

In this course, we focus mostly on discrete-time sources; i.e.,
sources with the countable index set I = {1,2,...}. Each such
source is denoted by

Xi={Xn}ply = {X1, X2, X3, }

as an infinite sequence of random variables, where all the random
variables take on values from a common generic alphabet X C R.
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Stochastic process

The source X completely characterized by the sequence of joint
cdf's {F'xn}>° ;. When the alphabet X is finite, the source can be
equivalently described by the sequence of joint probability mass
function (pmf’s):

Pxn(a™) = Pr(X; = a1, X2 = az, -+, Xy, = ay]

for all a™ = (a1,a2,...,a,) € X", n=1,2,....
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Stochastic process

Memoryless process

The process X is said to be memoryless if its random variables are
independent and identically distributed (i.i.d.). Here by independence, we
mean that any finite sequence X;,, X;,,..., X, of random variables
satisfies

PriX;, =x1,X;, = Ta,..., X;, =z, =1L, Pr(X;, =

in

forall x; € X, 1 =1,...,n; we also say that these random variables are
mutually independent. Furthermore, the notion of identical distribution
means that

P’I’[XZ = 117] = P’I’[Xl = (13]

forany z € X andi=1,2,---; i.e., all the process’ random variables are
governed by the same marginal distribution.
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Stochastic process

Stationary process

The process X is said to be stationary (or strictly stationary) if the
probability of every sequence or event is unchanged by a left (time) shift,
or equivalently, if any 7 = 1,2,..., the joint distribution of

(X1, Xs,...,X,) satisfies

PT[Xl =$1,X2 :Z'Q,...,Xn :.Tn]
=PrXj 1 =21, Xjqp0 =22,..., Xjpp = 2]

forallz; e X, 1=1,...,n.
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Stochastic process

Stationary process

The process X is said to be stationary (or strictly stationary) if the
probability of every sequence or event is unchanged by a left (time) shift,
or equivalently, if any 7 = 1,2,..., the joint distribution of

(X1, Xs,...,X,) satisfies

PT[Xl =$1,X2 :.'L'27...,Xn :.Tn]
= PT[Xj+1 :xl,Xj+2 :xg,...,Xj+n = "En}
forallz; e X, 1=1,...,n.

It is direct to verify that a memoryless source is stationary. Also, for a
stationary source, its random variables are identically distributed.
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Markov chain
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Markov chain

Markov chain for three random variables

Example

Three random variables X, Y and Z are said to form a Markov
chain if

Pxv,z(z,y,z) = Px(2) - Py|x(y|z) - Pzy (2]y);
i.e., Pyxy(z|w,y) = Py (2ly). This is usually denoted by

X—=Y — Z
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Markov chain

X — Y — Z is sometimes read as "X and Z are conditionally
independent given Y" because it can be shown that the above
definition is equivalent to

Px 71y (z, 2|y) = Pxy (zly) - Pzpy (2]y)-

Therefore, X — Y — Z is equivalentto Z —» Y — X.
Accordingly, the Markovian notation is sometimes expressed as
X &Y & Z
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Markov chain

kth order Markov chain

The sequence of random variables {X,,}2° ; = X, X5, X3, ... with
common finite-alphabet X is said to form a kth order Markov
chain (or kth order Markov source or process) if for all n > F,
r1eX, i=1,...,n,

P’I’[Xn = (En|Xn_1 = Tpn—1y.-- ,X1 = :I?l]
= PT[Xn = xn’Xn—l = Tp—15--- 7ank = wnfk]-

Each :CZ:}C = (Zp—k, Tp—ks1s- - - Tn_1) € X¥ is called the state
of the Markov chain at time n.
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Markov chain

When k =1, then {X,,}2° is called a first-order Markov chain (or
just a Markov chain). This means that for any n > 1, the random
variables X7, Xo, ..., X, directly satisfy the conditional
independence property

PriX; = 2| X' =21 = Pr[X; = 24| X;_1 = 24_4]
forall x; € X, i =1,...,n; this property is denoted by
X1 —=>Xg—= - = X,

for n > 2. We also say the that X; - X9 — -+ — X, forms a
Markov chain.
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Markov chain

Proposition

For random variables X1, X», ---, X,,, wheren > 3,
X, — X9 — .-+ — X, forms a Markov chain if and only if

p(x1, - xp)p(x2)p(x3) - - p(Xn—1) = p(x1, 22)p(T2, 23) - - P(Tr—1, Tn)

for all 1, x2, -+, x,, or equivalently,

p($1,l’27 e wrn) =
p(z1, xa)p(x3|2e) - - - p(Tn|Tn—1) ifp(x2), p(x3), -+, P(Tn_1) >0
0 otherwise ’
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Markov chain

X1 — X9 — --- — X, forms a Markov chain if and only if
X, — X,,—1 — -+ — X, forms a Markov chain.
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Markov chain

X1 — Xo — --- X, forms a Markov chain if and only if

X1 — X9 — X3
(Xl,XQ) — X3 — X4

(X1, X2, Xp—2) = Xpo1 = X,

form Markov chains.
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Markov chain

X1 — X9 — .-+ — X, forms a Markov chain if and only if

p(x1, 22, ,Zn) = fi(z, x2) fo(x, 23) -+ fu1(Tn-1,%n)

for all x1,xa,- -+ ,x, such that p(z2),p(z3), -+ ,p(Tn-1) > 0.
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Markov chain

A kth order Markov chain is said to be time-invariant or
homogeneous, if for every n > k,

PT[XTL = :L‘n|Xn71 =Tn-1,-- s Xn-k = :En—k]
= Pr{Xpt1 = 2p1| X = g, ., X1 = 2]

Therefore, a homogeneous first-order Markov chain can be defined
through its transition probability:

[Pr{Xs = 22| X1 = z1}]| x5 x|,

and its initial state distribution Px, (z).
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Markov chain

Irreducible Markov chain

A kth order Markov chain is irreducible if with some probability, we
can go from any state in X* to another state in a finite number of
steps, i.e., for all 2, y* € X* there exists an integer j > 1 such
that
k+j—1 k| yk k
Pr{X;77" =a"|X7 =y"} > 0.
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Markov chain

In a first-order Markov chain, the period d(z) of state € X is defined by
d(z) :=ged{n € {1,2,3,...} : Pr{X,,+1 = z|X; =z} > 0},

where gcd denotes the greatest common divisor; in other words, if the
Markov chain starts in state x, then the chain cannot return to state = at
any time that is not a multiple of d(z). If Pr{X,+1 =2|X; =2} =0
for all n, we say that state z has infinite period and write d(z) = co. We
also say that state x is aperiodic if d(z) = 1 and periodic if d(xz) > 1.
Furthermore, the first-order Markov chain is called aperiodic if all its
states are aperiodic. In other words, the first-order Markov chain ia
aperiodic if

ged{n € {1,2,3,...}: Pr{X, 41 =2|X1 =2} >0} =1Vax e X.
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Markov chain

In an irreducible first-order Markov chain, all states have the same
period. Hence, if one state in such a chain is aperiodic, then the
entire Markov chain is aperiodic.
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Markov chain

A distribution 7(-) on X is said to be a stationary distribution for a
homogeneous first-order Markov chain, if for every y € X,

m(y) = Z m(x)Pr{Xy = y| X1 = x}.
reX

For a finite-alphabet homogeneous first-order Markov chain, 7 ()
always exists; furthermore, if the Markov chain is irreducible and
aperiodic, the stationary distribution 7(+) is unique, and

lim Pr{X, 1 =y|X1 =2} = 7(y)
n—oo

for all states « and y in X'. If the initial state distribution is equal
to stationary distribution, then the homogenous first-order Markov
chain becomes a stationary distribution, then the homogenous
first-order Markov chain becomes a stationary process.
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Markov chain

Example

Consider a two-state Markov chain with probability transition
matrix
11—« o
P= .
[ g 1-F ]

The stationary distribution . can be found by solving the equation
uP = . We have that pn = (u1, p2), where

I} o«
7“2_a+18'

Ml:a—l—,@

So the entropy of the state X,, at time n is

15} «

H(Xn):H(m7m

).
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Entropy rate
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Entropy rate

Entropy rate

The entropy rate of a stochastic process {X;} is defined by
1
H(X)= lim —H(X;,Xs, -+ ,X,)
n—oo N

when the limit exists.
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If X1, Xo,... are i.i.d. random variables. Then

H(X) = lim 20X Xn) _ , nHX)

n—oo n n—00 n

= H(Xy).
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Entropy rate

Example

If the random variables X1, X2, -- , X,, are independent but not identically
distributed, then

H(X1, X2, , Xp) =Y H(Xi).
1=1

We choose a sequence of distributions on X1, X3, - -+, such that the limit of
13" H(X) does not exist. An example of such a sequence is a random binary
sequence where p; = P(X; = 1) is not constant but a function of i. For
example,
~_J 05 2k<loglogi<2k+1
B { 0 2k+1<loglogi < 2k + 2.

The running average of the H(X;) will oscillate between 0 and 1 and will not
have a limit. Thus, H(X) is not defined for this process.
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Entropy rate

We can also define a related quantity for entropy rate:

H'(X) = lm H(Xp|Xp-1, Xn-2, ", X1)

n—0o0

Theorem

For a stationary stochastic process, the above two limits exist and
are equal.
H(X)=H'(X).
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Entropy rate

For a stationary stochastic process, H (X, | X1, -+ ,X1) is
nonincreasing in n and has a limit H'(X).

Proof.
We have

H(Xp41]| X1, X2, -+, Xpn) < H(Xnt1|Xn, -+, Xo)
- H(Xn‘Xn—la'” aXl)-

where the equality follows from the stationary of the process. Since

H(X,|X,-1,---,X;) is a decreasing sequence of nonnegative
numbers, it has a limit, H'(X). O
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Entropy rate

Lemma

If a, — a asn — oo and

then b,, — a as n — oo.
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Entropy rate

Proof of the theorem.

By the chain rule,

n

1
= ﬁ ZH(X7,|XZ—1a 000 7X1)7

i=1

H(X17X2a"'7X71)
n

that is, the entropy rate is the time average of the conditional entropies.
But we know that the conditional entropies tend to a limit H’. Hence,
their running average has a limit, which is equal to the limit H' of the
terms. Thus,

H(XlaX27"' ,Xn)

H(X) =li
(X) = lim .

=lim H (X, | Xp 1, , X1) = H(X).
0
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Entropy rate

For a stationary Markov chain, the entropy rate is given by
H(X)=H'(X)=lmH(Xn|Xn-1,",X1) = lim H(X,|Xpn_1) = H(X2|X1),
where the third equality follows from

H(Xn|Xn-1,---,X1)
= = 3 plan,mn @ )P@nlEa i, 1) logp(Tala, - 71)

T1, 0, Tn

= — > plx,x, 20 1)p(Tn|Tn_1)log p(Tn|Tn 1)

T1, T

= - Z p(xn‘xnfl)Ing(mnhjn*l) Z p($1=I27"' 7337171)

Tn—1,Tn T, s Tn—2

= = Y p@a-1)p@nlra-1)logp(@nlza_1)

Tn—1,Tn

= — > p@n-1,2a)logp(xn|Tn-_1)

Tn—1,Tn

= H(Xn|Xn_1).
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Entropy rate

Recall that the stationary distribution u is the solution of the
equations

Hi = Zﬂipij for all j
i
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Entropy rate

We can express the conditional entropy explicitly in the following
theorem.

Theorem

Let {X;} be a stationary Markov chain with stationary distribution
W and transition matrix P. Let X1 ~ p. Then the entropy rate is

H(X) = _Z,Uipij log P;;.

ij

H(X) = H(X3|X1) Zulz ~P,jlog Pyj). O
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Entropy rate

Two-state Markov chain

The entropy rate of the two-state Markov chain is

I} Q@
mH(a) + ——H(B).

H(X) = H(X,|X1) = oy
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Example: Entropy rate of a random walk on a weighted graph

@ As an example of a stochastic process, let us consider a
random walk on a connected graph.

e Consider a graph with m nodes labeled {1,2,--- ,m} with
weight W;; > 0 on the edge joining node ¢ to node j.
@ The graph is assumed to be undirected, so that W;; = Wj;.

o We set W;; = 0 if there is no edge joining the node i and the
node j.
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Example: Entropy rate of a random walk on a weighted graph

5
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Example: Entropy rate of a random walk on a weighted graph

@ A particle walks randomly from node to node in this graph.

@ The random walk {X,,}, X,, € {1,2,---,m}, is a sequence of
vertices of the graph.

o Given X,, =i, the next vertex j is chosen from among the
nodes connected to node ¢ with a probability proportional to
the weight of the edge connecting ¢ to j.

@ Thus, Pij = Wzy/Zk Wzk
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Example: Entropy rate of a random walk on a weighted graph

@ In this case, the stationary distribution has a surprisingly
simple form, which we will guess and verify.

@ The stationary distribution for this Markov chain assigna
probability to node ¢ proportional to the total weight of the
edges emanating from node 3.

o Let W; = Zj Wi;; be the total weight of edges emanating
from node 7, and let

W= Y Wy

1,J:J>1

be the sum of weights of all the edges. Then >, W; = 2W.
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Example: Entropy rate of a random walk on a weighted graph

W;
2W -

@ We verify that this is the stationary distribution by checking
that uP = p. Here

Wi Wy
;Nipij = zz: G W:
1
=g
Wi

2w
= /"LJ'

@ We now guess that the stationary distribution is p; =
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Example: Entropy rate of a random walk on a weighted graph

@ Thus, the stationary probability of state ¢ is proportional to
weight of edges emanating from node .

@ This stationary distribution has an interesting property of
locality.

@ It depends only on the total weight and the weight of edges
connected to the node and hence does not change if the
weights in some other part of the graph are changed while
keeping the total weight constant.
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Example: Entropy rate of a random walk on a weighted graph

We can now calculate the entropy rate as

H(X) = H(X2|X1)

= —Zﬂizpijlogpij
i J
w; Wi
= _ZWZWijWiIOg Wj
= XS g
- —zz i s

Wl]
’W’”')_H(”"ﬁ"”)'

1]1

= H(--
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Example: Entropy rate of a random walk on a weighted graph

If all the edges have equal weight, the stationary distribution puts
weight E;/2F on node i, where E; is the number of edges
emanating from node i and E is the total number of edges in the
graph. In this case, the entropy rate of the random walk is

E, Ey E.,

H(X) =1log(2F) _H(ﬁ’ﬁ"“ ’ﬁ)
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Example: Entropy rate of a random walk on a weighted graph

Remark

@ It is easy to see that a stationary random walk on a graph is
time-reversible; that is, the probability of any sequence of
states is the same forward or backward:

Pr(Xi =21, Xo =22, -, X = 7)
= Pr(Xn = 113‘1,an1 =T, ,Xl = ilj‘n)
@ Rather surprisingly, the converse is also true; that is, any

time-reversible Markov chain can be represented as a random
walk on an undirected weighted graph.
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