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Definitions

Let X be a random variable with cumulative distribution function
F(z) =Pr(X < z).

If F'(x) is continuous, the random variable is said to be continuous.
Let f(xz) = F'(x) when the derivative is defined.

If [ f(z) =1, f(x) is called the probability density function for
X.

The set where f(z) > 0 is called the support set of X.
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Definitions

The differential entropy h(X) of a continuous random variable X
with density f(z) is defined as

B(X) = — /S f(2) log f(z)dz,

where S is the support of the random variable.
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Definitions

Example

Let X be uniformly distribute on [0,1). Then we can write
X = X1 XoX3---,

the dyadic expansion of X, where X1, X2, X3, -+ is a sequence
of pair bits. Then

(o)

H(X) = H(X1, Xo, X3,---) ZZH(Xi) 221200.
i=1 =1
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Definitions

Uniform distribution

Consider a random variable distributed uniformly from 0 to a so
that its density is 1/a from 0 to a and 0 elsewhere. Then

“1 1
hX)= —/0 flogadajzloga.

a
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Definitions

Normal distribution

Let X ~ ¢(z) = (1/\/271’0’2)6712/202. Then calculating the differential entropy
in nats, we obtain

ho) = - [omo
x2 5
EX? 5
252 + 5 In27o
11 2
3 + 3 In27o

= %ln 2mes? nats.
Changing the base of the logarithm, we have
1
h(¢) = 3 log 2mea” bits.
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Relation of Differential Entropy to Discrete Entropy

e Consider a random variable X with density f(z).
@ Suppose that we divide the range of X into bins of length A.

@ Let us assume that the density is continuous within the bins.
Then, by the mean value theorem, there exists a value z;
within each bin such that

(i+1)A
fla)A = /A f(z)de.

e Consider the quantized random variable X2, which is defined
by
2B =z if iA < X < (i +1)A.
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Relation of Differential Entropy to Discrete Entropy

@ Then the probability that 22 = z; is

(i+1)A
oy = / f(@)de = f(a)A.

i A

@ The entropy of the quantized version is

o
H(X®) == " pilogp;

1=—00

== Af(xi)log f(x:) —log A,
since > f(z)A = [ f(z) =1.

o If f(x)log f(x) is Riemann integrable, the first term
approaches the integral of —f(z)log f(z) as A — 0 by
definition of Riemann integrability.
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Relation of Differential Entropy to Discrete Entropy

Theorem

If the density f(x) of the random variable X is Riemman
integrable, then

H(X2) +1og A = h(f) = h(X), asA — 0.

Thus, the entropy an n-bit quantization of a continuous random
variable X is approximately h(X) + n.
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Relation of Differential Entropy to Discrete Entropy

1. If X has a uniform distribution on [0, 1] and we let A = 27",
then h =0, H(x®) = n, and n bits suffice to describe X ton
bit accuracy.

2. If X is uniformly distributed on [0, §], the first 3 bits to the
right of the decimal point must be 0. To describe X to n bit
accurracy requires only n — 3 bits, which agrees with
h(X) = —3 bits.

3. If X ~ N(0,0?%) with 0® = 100, describing X to n bit
accuracy would require on the average
n+ 3 log(2mec?) = n + 5.37 bits.
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Joint and conditional differential entropy

Definition
The differential entropy of a set X1, Xo, ..., X,, of random
variables with density f(z1,x2,...,zy) is defined as

B(X1, Xy Xn) = — / £(a™) log (") da™

Definition

If X,Y have a joint density function f(z,y), we can define the
conditional differential entropy h(X|Y) as

W(X|Y) = / ooy Log fiely) dedly
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Joint and conditional differential entropy

Since in general f(z]y) = f(x,y)/f(y), we can also write
h(X|Y)=h(X,Y)—h(Y).

But we must be careful if any of the differential entropies are
infinite.
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Joint and conditional differential entropy

Entropy of a multivariate normal distribution

Let X1, X5,...,X,, have a multivariate normal distribution with
mean p and covariance matrix K. Then

1
W(X1, Xa, -+, Xn) = h(Na(p, K)) = 5 log(2me)" | K] bits,

where | K| denotes the determinant of K.

Proof.
The joint probability density function is

(x) = 1 3w ™K (xp)

(V2 |K |2



Joint and conditional differential en

Then

w() = = [ 1@ o= T K e = ) — In(vED)" K| B

1 1
= EE[Z(X — i) (K5 (X —#j)]+51ﬂ(2‘fr)n K
2,7

1 1 )
EE[Z(X'i — 1) (X5 — ) (K10 + 5 In(2m)" | K|
)

= 3 BIX: — i) (X5 — w1 + < In(zm)” K|
)

-1 1 n
:EZKJ&(K )ij+51“<27) |K|
©,J
23" 1 + = In(2m) " K]
= — i — In(27
2 < 9T g
L 5 In2m)" K|
= — n s
2
71 n
_Eln(27re) | K| nats

1 @ .
= — log(2me)" | K| bits. O
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Relative entropy and mutual information

Definition

The relative entropy D(f|lg) between two densities f and g is
defined by

D(fllg) = / flogg.

Note that D(f||g) is finite only if the support set of f is contained
in the support set of g.
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Relative entropy and mutual information

Definition

The mutual information I(X;Y") between two random variables
with joint density f(z,y) is defined as

f(z,y)
I(X;Y) /fxylogf()f()dxdy

From the definition it is clear that
I(X;Y)=h(X)-h(X]Y)=h(Y)-h(Y|X) = h(X)+h(Y)-h(X,Y)
and

I(X5Y) = D(f(z, )|l f(2) f(y))-
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Relative entropy and mutual information

Example
Let (X,Y) ~N(0,K), where

Then we have that h(X) = h(Y) = log(2me)o? and
hMX,Y) = log(2me)?|K| = 4 10g(27re)2 4(1 — p?), and therefore

I(X:Y) = h(X) + h(Y) — h(X,Y) = _% log(1 — p2).
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Properties

D(fllg) = 0.
with equality if and only if f = g almost everywhere.
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Properties

Let S be the support set of f. Then

_D(fllg) = /S flog§
g
< log/sff
=1
e
< logl=0

We have equality if and only if we have equality in Jensen’s
inequality, which occurs if and only if f =g a.e. O
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Corollary

I(X;Y) > 0 with equality if and only if X and Y are independent.

h(X|Y) < h(X) with equality if and only if X and Y are
independent.
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Properties

Chain rule for differential entropy

h(X1, X, Xn) = D WXl X1, Xo, -+, Xia).

h(—XlaXQa'” 7XTL) S Zh(XZ)7

with equality if and only if X1, Xs, ..., X, are independent.
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Properties

Application: Hadamard's inequality

If we let X ~ A(0,K) be a multivariate normal random variable,
calculating the entropy in the above inequality gives us

|K| < I K.
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Properties

h(X + ¢) = h(X).
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Properties

For a # 0,
h(aX) = h(X) + log|al.
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Properties

Let Y =aX. Then fy(y) = |71”‘)")((%) and

haX) = = [ fv(w)log fr(v)dy
_ (1. ¥ 1.y
= — [ G @oa( x(Dyay
— -~ [ fx(@)log fx(o)da + logla
= Rh(X)+loglal
after a change of variables in the integral. Ol
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Properties

Corollary

h(AX) = h(X) + log | det(A)].
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Properties

Theorem

Let the random vector X € R™ have zero mean and covariance
K = EXX!. Then h(X) < Llog(2me)"| K|, with equality if and
only if X ~ N (0, K).
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Properties

Proof.

Let g(x) be any density satisfying [ g(x)z:z;dx = K;; for all 4,5. Let ¢ be
the density of a N'(0, K) vector, where we set u = 0. Note that log ¢k (x) is a
quadratic form and [ z;z;¢x (x)dx = K;;. Then

0 < D(gll¢x)
= /glog(g/¢x)

—h(g) — /glog K

h(g) - / e T
—h(g) + h(¢x)

where the substitution [ glog¢x = [ ¢k log ¢x follows from the fact that g
and ¢k yields the same moments of the quadratic form log ¢ (x). O
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Maximum entropy distributions

Consider the following problem: Maximize the entropy h(f) over
all probability densities f satisfying
1. f(:):) > 0, with equality outside the support set S

2. fS Ydr =1

3fS Ydx = «a; for 1 <i < m.
Thus, fis a den5|ty on support set S meeting certain moment
constraints aq, ao, -+, Q.
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Maximum entropy distributions

Approach 1

The differential entropy h(f) is a concave function over a convex
set. We form the functional

J(f)——/flnf+)\0/f+§:>\i/f7"i
i=1

and “differentiate” with respect to f(x), the zth component of f,
to obtain

=—Inf(x) =1+ X+ Y Airi(z).
=1

of(x)
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Maximum entropy distributions

Setting this equal to zero, we obtain the form of maximizing
density
f(x) — 6)\0714’27’-:1 )\ﬂ'i(x)’ = S,

where Ao, A1, -+, Ay, are chosen so that f satisfies the constraints.

The approach using calculus only suggests the form of the density
that maximizes the entropy. To prove that this is indeed the
maximum, we can take the second variation. It is simpler to use
the information inequality D(g||f) > 0.
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Maximum entropy distributions

Approach 2

If g satisfies the conditions and f* is of the form
(z) = ero— 14370, Am(ﬂc)’ z€S,

then

0 < D(gllf*) = =h(g) + h(f").

Thus h(g) < h(f*) for all g satisfying the constraints. We prove
this in the following theorem.
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Maximum entropy distributions

Theorem
Let f* = fy(x) = Mot X2 Xiri@) | g e S, where \g, -+, A are
chosen so that f* satisfies

1. f(z) >0, with equality outside the support set S

2. [of(x)de=1

3. Jg f( r)dr = a; for 1 <i < m.

Then f* unlquely maximizes h(f) over all probability densities f
satisfying the above constraints.
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Maximum entropy distributions

Let g satisfy the constraint. Then

h(g):f/ glng

I

|
wS n
«

5

-

~5

=Dl = [ ot s
- [oms

*/SQ(A0+Z>\«LU)
- 7/Sf*()\o + 37 Nir)

:—Afmﬁ

h(f").

IN

Note the equality holds if and only if g(z) = f* () for all x, except for a set of measure 0, thus proving

uniqueness. D
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Example

Let the constraints be EX = 0 and EX?% = o2. Then the form of
the maximizing distribution is

f(.']:) — e/\o+)\1x+)\2m2 .

To find the appropriate constants, we first recognize that this
distribution. Hence, the density that satisfies the constraints and
also maximizes the entropy is the N'(0,0?) distribution:

V2mo?
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Let S = [a,b], with no other constraints. Then the maximum
entropy distribution is the uniform distribution over this range.
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S =10,00) and EX = u. Then the entropy-maximizing
distribution is
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Example

S = (—00,00), and EX = p. Here the maximum entropy is
infinite, and there is no maximum entropy distribution. (Consider
normal distributions with larger variances.)
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S = (—00,00), EX = a1, and EX? = ay. The maximum entropy
distribution is N'(a1, as — o).
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Find the word lengths of the optimal binary encoding of
_ (1 1 1
P = (mam7 71700)
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Example

The Z-channel has binary input and output alphabets and
translation probabilities p(y|z) given by the following matrix:

Q= [1}2 1(/)2] , z,y € {0,1}.

Find the capacity of the Z-channel and the maximizing input
probability distribution.
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